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Abstract

Intermediate neglect of differential overlap (INDO) is the most commonly utilized semi-empirical
technique for performing excited state calculations on large organic systems such as organic semi-
conductors and fluorescent dyes. The calculations are typically done at the singles configuration
interaction (SCI) level. Direct methods provide a more efficient means of performing configuration
interaction (CI) calculations, and the computational trade-offs associated with various approaches
to direct-CI theory have been well characterized for ab initio Hamiltonians and high-order CI.
However, the INDO and SCI approximations lead to a new set of trade-offs. In particular, applica-
tion of the electron-electron interactions in the atomic basis leads to a computational savings that
scales as the number of atomic orbitals, which for a large organic system can be two to three orders
of magnitude. Furthermore, substantial memory savings are achieved by avoiding the evaluation

of the two electron integrals in the molecular orbital basis.
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I. INTRODUCTION

Intermediate Neglect of Differential Overlap (INDO)[1] is a widely utilized semi-empirical
model for the excited states of large organic systems, such as conjugated polymers and flu-
orescent dyes[2-4]. Within INDO, the excited states are typically obtained at the singles-
configuration interaction (SCI) level. This work develops a direct method for INDO/SCI
calculations that provides a more efficient approach to these computations. Roos and
Siegbahn[5-7] first introduced the direct configuration interaction (direct-CI) method, which
was instrumental in making CI applicable to large systems. The computational trade-offs
associated with various approaches to direct-CI theory have been well characterized for ab
initio Hamiltonians and high-order CI[8]. However, the INDO and SCI approximations lead
to a new set of trade-offs. Most importantly, the evaluation of electron-electron interactions
in the atomic basis provides a considerable savings in INDO theory, whereas it is not advan-
tageous in ab initio theories[9]. For direct INDO/SCI, the computational savings relative
to non-direct approaches are on the order of the number of atomic basis functions in the
calculation, which can be two to three orders of magnitude for large organic systems.

In CI theory, the electronic wavefunction is written as a linear combination of many-body
functions, which are obtained as excitations from the Hartree-Fock ground state. In SCI,

the excited states include only singly excited electronic configurations,
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For singlet excited states, |[¢7) is given by
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where |HF) is the restricted Hartree-Fock ground state, and af , (a,,) is the creation
(destruction) operator for an electron in molecular orbital a with spin 0. Throughout this
paper, a,b... are used for molecular orbitals that are occupied in the Hartree-Fock ground
state, and 7, s... are used for unoccupied molecular orbitals.

The coefficients, ¢, , of Eq. (1), are determined variationally. This is equivalent to finding
the eigenfunctions of the Nz N Hamiltonian matrix within the SCI basis, where N is the
number of singly excited configurations. We will refer to methods that explicitly create the

Hamiltonian matrix as traditional methods. For full diagonalization of this Nx N matrix, the



computational effort scales as N3, and gives all eigenvalues and eigenstates. An alternative
approach is to use an iterative diagonalization scheme that repeatedly applies the matrix to
an initial starting vector,

) = H |¢) (3)
In this work, we use the implicitly restarted Arnoldi method[10-12] which, for the systems
considered here, takes about 500 applications of the Hamiltonian to a vector in order to
obtain the lowest few eigenstates. Since matrix-vector multiplication scales as IN?, iterative
diagonalization of the SCT Hamiltonian matrix scales as N?N 4,,;, where N 4, is the number
of applications. For N > Ny, iterative diagonalization is less computationally demanding
than full diagonalization.

In addition to the computational savings of iterative diagonalization discussed above,
direct CI techniques compute H |1y of Eq. (3) without explicitly evaluating the Hamilto-
nian matrix. This leads to substantial computational savings, due to the sparseness of the
Hamiltonian matrix. Substantial memory savings also result, since it is no longer necessary
to store the full Hamiltonian matrix.

In this work, we will demonstrate an efficient direct approach to INDO/SCI calculations.
The following section introduces a benchmark computational system and discusses the com-
putational cost and memory requirements of a traditional calculation. Section III gives
an overview of the method, examines the scaling of the computational effort with system
size, and presents calculations on some test systems. Section IV gives a brief summary and

discusses possible extensions.

II. BENCHMARK SYSTEM

In considering the computational savings resulting from direct INDO/SCI, we will com-
pare this method with that used in traditional INDO/SCI. For comparison, we’ll assume
both the traditional and the direct methods use the same iterative matrix diagonalization
scheme. The numbers quoted here are for the Arnoldi method discussed above. The dif-
ference between traditional and direct methods then arises only from the way in which the
Hamiltonian is applied to a trial vector, Eq. (3). In traditional methods, the Hamiltonian
matrix is computed and Eq. (3) is a matrix vector multiply. The direct method uses the

optimized approach developed in Section III. The differences relate only to computational



efficiency, with both approaches giving identical results (to within numerical roundoff).

To make the comparison more concrete, we will consider a system containing 100 heavy
atoms and 100 hydrogen atoms such that the number of atomic basis functions, N4p, is 500.
In INDO/SCI calculations, the number of molecular orbitals included in the SCI basis of
Eq. (1) is increased until the desired accuracy is obtained. For our benchmark system, we
will assume inclusion of 100 occupied molecular orbitals, N, and 100 unoccupied molecular
orbitals, N.. The total number of singly excited configurations is then N.N}, (10,000) (where
the number in parentheses is the numerical value for our benchmark system). Finally, we
will assume that 500 applications, N4y, of H |1)) are needed to obtain the lowest lying
excited states.

In the traditional method, the two most computationally demanding steps are the trans-
formation of the two-electron integrals from the atomic orbital (AO) to the molecular orbital
(MO) basis and the diagonalization of the Hamiltonian. We will report the computational
effort for each process as a symbolic expression, followed in parentheses by the numerical
value of this expression for our benchmark system. Transformation of the two-electron inte-
grals to the MO basis scales as NN, N3, (2.5 x 10%). The memory required to store these
integrals is N2N7?/4 floating point numbers (200 Mbytes). For iterative diagonalization,
one application of the Hamiltonian to the wavefunction, Eq. (3), scales as N2N? (1 x 10%).
Therefore, the computational effort required to obtain the lowest lying excited states scales
as N2NZNpp (5 x 101°). In summary, the computational effort associated with the tradi-
tional calculation scales as NN, N3, for the two-electron transformation, and NZNZN gpp

for the diagonalization.

ITII. DIRECT INDO/SCI
A. The Method

Direct methods can lead to substantial computational savings when a fast routine for
applying the Hamiltonian to a trial wavefunction (vector) is available, see Eq. (3). The

matrix elements of the Hamiltonian in SCI theory are
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where F' and f are subblocks of the Fock matrix within the unoccupied and occupied molec-
ular orbital basis, respectively. The two-electron integrals are for the MOs in chemist’s

notation
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where ¢, are the molecular orbitals.

For notational convenience, the coefficients of the SCI wavefunction from Eq. (1) will be

expressed as matrices, ¢,,. The Hamiltonian from Eq. (4) is then a supermatrix,

Hsp riay = (5] H [¥7) (6)

Application of the Hamiltonian to the initial starting vector may be written as

ds,b = Z ﬁ{s,b},{r,a}cr,a (7)

where ¢, , are the expansion coefficients for the initial vector, |¢) of Eq. (3), and d;; are the
expansion coefficients for the final vector, |[¢') of Eq. (3).

The derivation begins with Egs. (7) and (4), and examines each term of the Hamiltonian
matrix elements of Eq. (4) in turn. In the supermatrix notation used here, the first two
terms of Eq. (4) can be written as matrix multiplies. The first term leads to,

Z <Fs,r5b,a) Cra = Z Fycp =Fc (8)
ra T
and the second term leads to —cf. Note that these matrices are quite small (N, x N,) and
are handled efficiently in the MO basis. However, for the third and fourth terms in Eq. (4),
it is advantageous to work in the atomic orbital representation. This advantage is due to the
two-electron terms of INDO theory being sparse in the AO basis. To exploit this sparsity,
we need to be able to transform the S-CI wavefunction of Eq. (1) between the MO and AO

representation. In the AO representation, the wavefunction may be written,
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1o (a;,) is the creation (destruction) operator for an electron in atomic orbital 7 with spin

0. Throughout this paper, 7,7 ... will be used for atomic orbitals, with summation being
over all atomic orbitals. The bar in Eq. (9) indicates that the coefficients ¢;; are in the AO,

as opposed to MO, basis. The transformation from the MO to AO basis is given by,
éj,z = ZVerr avaz (11)
T,a

where Vj,, is the amplitude of the 7 unoccupied MO on the j™ atom and v; , is the amplitude

of the a'* occupied MO on the i* atom. The reverse transformation is

Zv,j ],Z Za (12)

In order to apply the two-electron terms in the atomic orbital basis, we first express the
two-electron matrix elements of Eq. (4) in terms of the AO basis. The third term of Eq. (4)
becomes

m,T " S,N
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where (mn|op) are the two-electron integrals in the AO basis. The INDO Hamiltonian
includes only coulomb, J,
i = (idl5) (14)
and exchange, K, integrals,
Kij = (ijlij) = (ijlj1) (15)

and we take Kj; to be zero. The two-electron terms, (mn |op), may be written as,

(mn|op) = jn,p(ém,néo,p)"‘
Kn,m (6m,00n,p + Om.pOn,o) (16)

Using Eq. (13) and Eq. (16), the third term in the Hamiltonian matrix of Eq. (4) becomes:

—(rslab) = > =V Vi p(0mnfop)+
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R (600 + SmpOro) 0T

m,0"°n,p m,p-n,o

(17)

oUp,b

A similar transformation is performed on the fourth term in the Hamiltonian matrix, (ar |sb).
There are two types of expressions which are obtained when the two-electron terms are

applied to the c,, matrix, Eq. (7). An example of the first type is the coulomb term from

a,r
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Eq. (17),
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A comparison of Egs. (18) and (11) leads to the following simplification,

SN VI Cnppy = —VT (j o 6) v (19)
n,p
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where the “o” indicates an element by element multiply. An example of the second type is

the first exchange term from Eq. (17),
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Comparison with Eq. (11) leads to the following simplification
Z _%Tnkn,mém,mvn,b (21)

For convenience, we introduce the following function, which takes a matrix and returns a

diagonal matrix
[F(K)ni = Y KnmCmm0n,i (22)

Eq. (21) then becomes
> Vel F(K) vy = =V [F(K) (23)
n,l

A similar treatment of all terms in the Hamiltonian matrix element of Eq. (4) leads to,

d=Fc—cf +VT[—(Joe) - [F(K)] - (K o¢)T
+[F(2J)] +2(K o e)T 4+ 2(K o &)]v. (24)

The first three terms in brackets arise from — (rs|ab) of Eq. (4) and the last three terms in

brackets arise from 2 (ar|sb) of Eq. (4). Combining like terms, we obtain the final expression

+ (Roe) + [F (2J—f<)Hv (25)



B. Scaling of the Method

This section discusses the computational scaling of the direct method, using the bench-
mark system of Section II as a concrete example for comparison with the traditional ap-
proach. The computational expense associated with Eq. (25) is dominated by the ma-
trix multiplications. One application of the Hamiltonian to a trial vector scales as N, N3,
(2.5 x 107). Since the two-electron integrals are not transformed to the molecular orbital
basis, the storage requirements are modest, N3, floating point numbers (1Mbyte). The
diagonalization then scales as NoN3,Napp (1.25 x 10'%). The ratio of computation time for

traditional to direct techniques scales as,

Trad INDO/SCI _ 0 NNy,
Direct INDO/SCI — Nio

(26)

where “O” indicates “on the order of.” Fig. (1) demonstrates the validity of the scaling
factor given in Eq. (26). Each point in the graph represents a polyene with a different
number of vinyl units, n, ranging from two to eight. The SCI basis includes excitations
between all occupied and unoccupied orbitals. The linear relation shown in Fig. 1 confirms
the predicted scaling behavior of Eq. (26).

When all singly excited configurations are included in the S-CI basis, application of the

Hamiltonian to a trial vector via Eq. (25) scales as N3,. This is confirmed in Fig. (2).

C. Test Cases

In order to demonstrate the savings which may be achieved through the use of the direct
method, two test cases are presented. These tests were performed on a Pentium III 733MHz
processor with 512Mbytes of RAM running linux kernel version 2.4.18. For the first case, we
wanted to directly compare the direct method to the traditional method. We computed the
first five excited states of stilbene, for which N 40 is 68, and all singly excited configurations
(1156) were included. The amount of time required by the traditional technique was 160
seconds, whereas the direct method took 2.5 seconds. This corresponds to a savings which
is on the order of N,p, as expected.

To illustrate the direct method on a large system, we considered a
poly(paraphenylenevinylene) (PPV) oligomer with sixteen phenyl rings, where Nuo
is 600. All singly excited configurations (90,000) were included and the calculation took 38
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minutes. In order to apply the traditional INDO/SCI method to this system, it would take
approximately eleven days to perform and require 300Gbytes of memory. Therefore, our

direct method may be applied to systems which were previously unmanageable.

IV. CONCLUDING REMARKS

The direct approach to INDO/SCI computations reported here substantially reduces the
computational resources required for excited state calculations. This enables computations
to be performed on large systems at a fraction of the time and memory required by the
traditional method. These savings take advantage both of the sparsity of the two-electron
integrals in the INDO Hamiltonian and of the inclusion of only singly excited configurations
in the CI basis. Due to these features of INDO/SCI, application of the two-electron terms
in the atomic basis set leads to the observed computational savings. The degree to which
this approach can lead to savings in higher order CI, or for Hamiltonians with less-sparse

two-electron integrals, such as AM1[13], is left for future work.
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FIG. 1: Comparison of computer times required for traditional and direct INDO/SCI calcula-
tions on polyene chains containing n=2 to n=8 double bonds. The ratio of traditional to direct

computational times is plotted versus the right hand-side of Eq. (26), N.N2/N%,,.
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FIG. 2: Computer time required to apply the Hamiltonian to a trial vector in direct INDO/SCI,
Eq. (25), for polyenes containing n=2 to n=20 double bonds. The time is plotted versus the number

of atomic orbitals cubed.
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