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Abstract

The analysis of total intensity light scattering from solutions of macromolecules is discussed,

covering the concentration range from infinite dilution to concentrated solutions, with a few

examples for the scattering from colloidal dispersions of particles and micelles.  The dependence

on scattering angle is included over this entire range.  Most of the discussion is limited to the

Rayleigh-Gans-Debye scattering regime, but Mie scattering from large spheres is also discussed.

Examples include the effects of heterogeneity of molecular weight and chemical composition,

optically anisotropic chain elements, deviations from flexible chain conformational statistics and

intermolecular association.
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1.  Introduction

Electromagnetic scattering (light, x-ray and neutron) has long been used to characterize a wide

variety of material properties, including especially thermodynamic, dynamic and structural

features.  This chapter is limited to a relatively narrow subset  of these studies, focusing on

properties that may be obtained via measurements of the total intensity, or so-called elastic or

static, scattering of light, as a function of the scattering angle ϑ and other relevant parameters, such

as temperature and the composition of mixtures, with occasional digressions to include the

scattering of x-rays and neutrons.  Here, the term total scattering refers to the intensity of light

measured under conditions designed to average over the fluctuations in the intensity that are used

with advantage in quasi elastic, or dynamic, light scattering.  Further, this chapter will focus

principally on static scattering of light from polymer solutions, encompassing solute concentrations

from dilute to moderately concentrated, with a few remarks on the scattering from concentrated

solutions, and some digressions to include the static scattering of light from dispersions.  Here, a

moderately concentrated polymer solution is one for which the concentration c (wt/vol) of the

solute is much less than the density ρ of the undiluted polymer, but in the range of the reciprocal of

the volume swept out by the chain in rotation about its center of mass, see below for a more precise

definition.   Static light scattering from solutions in this concentration range will principally focus

on optically isotropic polymers (or particles), but will also include some discussion of isotropic

solutions of optically anisotropic polymers. The former will emphasize polarized scattering,

whereas the latter will emphasize depolarized scattering (Here, polarized and depolarized scattering

refer to scattering in the horizontal plane, with vertically polarized incident light and vertically or

horizontally polarized scattered light, respectively). The general principles of polarized and

depolarized static light scattering may be found in a number of monographs or reviews  [1-37]—the

nomenclature here will follow than in reference  1 for the most part.  The interesting topic of the

scattering from nematic solutions will not be included, but see elsewhere for a review  [9].

Similarly, dynamic light scattering, discussed elsewhere in this book, as well as in a number of

monographs and review chapters [4, 8-11, 22, 38-41], will receive only a brief mention in this

chapter.

In many cases, it may safely be assumed that the electric field giving rise to the dipole radiation of

the scattered light is that of the incident radiation propagating in the medium. That is, in a solution,

the field acting on all parts of a solute is the same as that acting on the solvent.  This simplification,
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usually valid for polymer solutions, is termed Rayleigh-Gans-Debye (RGD) scattering [1, 23, 30,

33], with the term Rayleigh scattering preserved for the scattering from solute very small in

comparison to the wavelength of light.  In the RGD regime, the scattering from a single solute may

be taken as an appropriate sum of independent Rayleigh scattering from the elements comprising

the solute. Aside from the scattering from strongly absorbing media, deviations from this for the

scattering from solutions (or suspensions) will almost always involve the scattering from large

particles, suspended in a medium with a rather different refractive index from that of the particles

In such cases, the incident radiation is altered as it propagates through a solute particle, and the

simplicity of the additivity of the scattering from different elements in the particle generated by an

unaltered incident beam  cannot be adopted.    In fact, detailed attention to scattering beyond the

RGD regime will be limited to the scattering from spherical particles, called Mie scattering.

Most of the discussion in this chapter, will concern the scattering in a single plane containing the

incident ray, and with the plane-polarized components of that ray either in the scattering plane or

orthogonal to it; an exception to this, with the electric vector of the incident ray at an angle ϕ to the

scattering plane will be introduced in the discussion of the Mie theory of scattering for large

spheres.  With ϕ either 0 or !/2, it is sufficient to use notation that specifies the scattering angle ϑ

between the incident and scattered rays, and the polarization state of the incident and scattered

light.   Unless otherwise noted, it will be assumed that the incident light is plane polarized, and for

most of the scattering discussed in this chapter, the notation RSi(q,c) will suffice to designate the

Rayleigh ratio from a solution with solute concentration c, where the subscripts S and i  designate

the polarization state of the electric vectors of the scattered and incident light, respectively, relative

to the scattering plane.  Here, RSi(q,c) is given by r2ISi(ϑ)/VobsIINC, with r the distance between the

scattering centers and the detector, Vobs the observed scattering volume and ISi(ϑ) and IINC the

intensities of the scattered and incident light, respectively.  More precisely, we will be interested in

the excess Rayleigh ratio, equal to the Rayleigh ratio for the solution less that for the solvent, but

notation to this effect is suppressed for convenience.  Thus, for vertically polarized incident light

(i.e., ϕ = !/2), and horizontally or vertically polarized scattered light, the components RHv(q,c) and

RVv(q,c), respectively, will comprise contributions designated Riso(q,c), Raniso(q,c) and Rcross(q,c):

RHv(q,c) = Raniso(q,c) (1)

RVv(q,c) = Riso(q,c) + (4/3)Raniso(q,c)  + Rcross(q,c) (2)
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where Raniso(q,c) and Rcross(q,c) vanish for a solute comprising optically isotropic scattering

elements, and Rcross(0,c) = 0 in any case.  The terms polarized and depolarized scattering will

generally refer to RVv(q,c) and  RHv(q,c), respectively, in this Chapter.  In the following, the

subscript "iso" will be suppressed for convenience when considering the behavior for isotropic

scattering elements, to designate Riso(q,c) and RVv(q,c) simply as R(q,c).   If unpolarized incident

light is used, as was often the case prior to the now nearly universal use of plane polarized light

generated by lasers as the source for the incident light, the scattered light will comprise RVv(q,c) +

RVh(q,c) if a vertical polarization analyzer is used, or these plus RHv(q,c) + RHh(q,c) if no analyzer

is used, with RHh(q,c) = cos2(ϑ)RVv(q,c) in the RGD regime; for a solute with isotropic scattering

elements Raniso(q,c) =  Rcross(q,c) = 0, and RVh(q,c)  =  RHv(q,c) = 0.

The modulus of the wave vector q, with the units of a reciprocal length,  plays a central role in this

chapter, setting the length-scale over which features of the structure giving rise to interference

effects on the total intensity that provide information on the polymer in solution.  Here, q is the

vector difference between the vectoral wave numbers k0 and k, which lie in the directions of the

incident and scattered light, respectively:

q = k0  –  k (3)

For elastically scattered light medium, |k0| =  |k|  = (4!/λ), with λ the wavelength of light in the

scattering medium (λ = λ0/n̂, with n̂ the refractive index of the medium), and the modulus of q

becomes

q = (4!/λ)sin(ϑ/2) (4)

In the RGD regime, both RVv(q,c) and RHv(q,c) depend on ϑ through q, but even in that regime, as

noted above, RHh(q,c) =  cos2(ϑ)RVv(q,c) depends explicitly on ϑ.  Nevertheless, the nomenclature

used here instead of, say the alternate notation RVv(ϑ,c) which would take account of such

situations, is convenient for special situations, and serves to emphasize the importance of the

parameter q.  In a few cases, the alternate notation will be employed in the interests of clarity.

2.  General Relations

Certain general relations used with the polarized static scattering from isotropic solutions in the

RGD regime are gathered in this section to introduce notation used in the following sections.  In

this section, attention will be focused on the scattering from a monodisperse solute comprising
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identical isotropic scattering elements.  More complex situations involving heterogeneity of various

kinds and anisotropic scattering elements will be discussed subsequently. Thus, here, RVv(q,c),

designated simply R(q,c), may be expressed in the form [1, 5, 18, 20, 27, 29-31]

R(q,c)/Kop = cMP(q,c)  –  [cMP(q,c)]2~
B(c)Q(q,c) (5)

with M the molecular weight, Kop an optical constant, P(q,c) the intramolecular structure factor, and

the second term arising from interference effects among the rays scattered from different

molecules.  Both P(0,c) and Q(0,c) are equal to unity. (Note: the nomenclature for Q(q,c) here

differs from that sometimes used.)  Variations of this expression to account for heterodispersity and

anisotropy are considered in the following.  An alternative nomenclature introduces the so-called

structure factor S(q,c):

R(q,c) = KopcM S(q,c) (6a)

S(q,c) = P(q,c)F(q,c) (6b)

(Note: again, the reader should be aware that S(q,c) is sometimes used to denote a different

function than that defined here.)  Two expressions are commonly employed to represent F(q,c).

With the preceding,

F(q,c) = 1 – cB(c)P(q,c)Q(q,c) (7)

where B(c) = M
~
B(c) and Q(q,c) depend on intermolecular interference.  Alternatively, the inverse

of F(q,c) may be expressed in terms of an interference function H(q,c):

F(q,c)-1 = 1 + cΓ(c)P(q,c)H(q,c) (8)

which, together with the requirement H(0,c) = 1, may be considered to define H(q,c) and Γ(c) in

terms of the more direct functions B(c) and Q(q,c), i.e.,

Γ(c) = B(c)/[1 – cB(c)] (9)

H(q,c) = Q(q,c) 
[1 – cB(c)]

[1 – cB(c)P(q,c)Q(q,c)]
  (10)
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Although theoretical considerations will usually be developed in a form based on Equation 7, for

experimental purposes, it is largely a matter of convenience as to which form is used for F(q,c),

e.g., one of the functions H(q,c) or Q(q,c) might be less dependent on ϑ than the other, and

therefore more convenient to use. With the use of Equation 9,

KopcM
R(q,c)

 =
1

S(q,c)
  =  

1
P(q,c)

  + cΓ(c)H(q,c) (11)

Some approximate theories discussed below lead directly to Equation 9 or 11 with H(q,c) equal to

unity for all q.

With Equation 9, thermodynamic information is found in the function Γ(c), and thermodynamic

and conformational information is represented in the functions P(q,c) and H(q,c). As is well known,

in the limit of infinite dilution, both H(q,0) and Q(q,0) tend to unity for all q [1, 20, 27, 29, 42, 43]

(the "single-contact" approximation), and as discussed below, RG may be determined from P(q,0) in

the limit qRG << 1. In the limit qRG >> 1, F(q,c) tends to unity, as then the scattering can only be

sensitive to short-range correlations among the scattering elements, and will be dominated by

intramolecular interference effects reflected in P(q,0), i.e., cΓ(c)P(q,c)H(q,c) << 1 (or

cB(c)P(q,c)Q(q,c) << 1) for large q, and in consequence, F(q,c) tends to unity. This asymptotic

behavior will require larger q with increasing Γ(c), and may generally be beyond that available in

light scattering experiments for moderately concentrated solutions, for which cΓ(c) is large.

For a monodispersed solute, F(0,c) is related to the equilibrium osmotic modulus KOS [12, 20, 27,

30, 31, 37, 44-47]:

F(0,c) = (M/cRT) KOS (12)

KOS =  c ∂ Π/∂c (13)

where Π is the osmotic pressure.  It should be noted,  however, that the expression between F(0,c)

and KOS is not valid for a heterodisperse solute; the effects of heterodispersity are developed below.

With this expression, for a monodispersed solute,
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cΓ(c) =
M
RT
∂ Π
∂c

  –  1 (14)

This relation will find use in the following.

Another, and very different, source for the dependence of R(q,c) on c can arise if the solute

components form aggregated structures, with the extent of the intermolecular (or interparticle)

association dependent on c, but with an aggregate structure that is stable at a particular c.  In some

cases, the association may be at equilibrium at each c, but often that is not the case, and one has to

consider metastable structures, the form of which may depend on the pathway used to form the

solution.  The hemoglobin tetramer, a well known example of an aggregate that forms at

equilibrium, has been studied by lights scattering methods [48], and certain worm-like micelles

provide another example, as discussed further below.  Solutions of semiflexible polymers may

exhibit metastable association, even to the extent that the molecular weight observed does not

change with concentration over an appreciable range, but can be markedly affected by the solvent

used; examples are cited below.

In the following sections, the application of the preceding expressions will be applied over a range

of concentrations, from the infinitely dilute limit obtained by extrapolation to concentrated

solutions.  Methods to effect the extrapolations to infinite dilution and zero scattering angle are

addressed in a subsequent section.  The discussion is presented in several principal sections:

3.   Scattering at infinite dilution and zero angle;

4.   Scattering at infinite dilution and small q;

5.   Scattering at infinite dilution and arbitrary q;

6.  Scattering from a dilute solution at zero scattering angle;

7.  Scattering from non dilute solutions at zero scattering angle;

8.  Scattering dependence on q for arbitrary concentration; and

9.  Special topics.

The discussion of behavior at infinite dilution in the first three sections permits a significant

simplification, with F(q,0) = 1.  Thus, for the general case at infinite dilution, in which there may

be a heterodispersity among the solute molecules in their molecular weight, composition and

structure, but with all components comprising isotropic scattering elements may be expressed in the



10

form (suppressing the subscript "iso" for convenience until needed for discussions involving

anisotropic scattering elements)

[R(q,c)/c]0 = K'n̂
2
s(∂n̂/∂c)

2
wMLSPLS(q,0) (15)

where the subscript LS denotes an averaging over heterodispersity appropriate for light scattering

(or, indeed, x-ray or neutron scattering), the superscript 0 denotes the limiting value at infinite

dilution, n̂ is the refractive index, subscript s denotes the medium, the refractive index increment

(∂n̂/∂c)w is taken at constant weight fractions of the solvent components in the case of a mixed

solvent, and K' = 4!2/NAλ
4
0, with λ0 the wavelength of in the incident light in vacuum.  It is

assumed that (∂n̂/∂c)w ≠ 0, except where noted otherwise.  For scattering in the RGD regime from a

system comprising a solvent and C components differing in some way (e.g., molecular weight,

refractive index, etc.), with  ~ψj,ν and mj,ν the refractive index increment and the molecular weight,

respectively, of the j-th element on the ν-th component, and nν is the number of elements in the ν-th

component, with a component, comprising structures identical in composition, molecular weight

and (statistical) structure, present at weight fraction wν:

MLS = ~ψ-2Σ
ν

C

  wνM
-1
ν{Σ

j

nν
~ψj,νmj,ν}

2   (16)

PLS(q,0) =

Σ
ν

C

  wνM
-1
νΣ

j

nν
 Σ

k

nν
 ~ψj,ν

~ψk,ν mj,νmk,ν〈[sin(q|rjk|ν)]/q|rjk|ν〉

Σ
ν

C

  wνM
-1
ν [Σ

j

nν
~ψj,νmj,ν]

2

  (17)

~ψ = (∂n̂/∂c)w  =  Σ
ν

C

  wν
~ψν (18)

~yn = (∂n̂/∂cν)w (19)

where Mν = Σ
nν

j
mj,ν, |rij|ν is the scalar separation of scattering elements i and j on the ν-th chain and,

as usual, the brackets 〈...〉 indicate an ensemble average   [1, 27, 29, 49-51].  These expressions will

be applied to an number of examples in the following, along with extensions required to account
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for the presence of optically anisotropic scattering elements, or scattering for which the RGD

approximation is not valid.

3.  Scattering at infinite dilution and zero scattering angle

3.1 The basic relation

With the preceding, at zero scattering angle, PLS(q,0) = 1, and the expressions given above a solute

comprising isotropic scattering elements in the RGD reduce to the relation

MLS
 = [R(0,c)/c]0/K'n̂

2
s(∂n̂/∂c)

2
w (20)

A solute with anisotropic scattering elements or for conditions not in the RGD regime are discussed

below.  In the RGD limit for a solute comprising isotropic scattering elements, this expression may

be evaluated as

MLS = ~ψ-2Σ
ν

C

  wνM
-1
ν{Σ

j

nν
~ψj,νmj,ν}

2 (21)

Expressions for MLS are discussed in this section, starting with the simplest case of a solute

comprising optically identical scattering elements in the RGD regime, and culminating in an

example for which the RGD approximation may not be utilized.

3.2  Identical scattering elements

For  a single solute comprising scattering elements all with the same refractive index so that ~ψν = ~ψ

independent of ν, but heterodisperse in molecular weight, as for a homologous series of a polymer,

and remembering that Mν = Σ
nν

j
mj,ν, inspection the expression for MLS in the RGD limit results in

the well-known result

MLS = Σ
ν

C

  wνMν  =  Mw (22)

or MLS = M for a monodisperse solute.

If the system contains mixed solvent components, then preferential distribution of the solvent

components in the vicinity of the polymer can complicate the analysis, but use of the refractive

index increment (∂n̂/∂cν)Π determined at constant temperature, pressure and at osmotic equilibrium
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of the solution and the solute-free solvent mixture (e.g., by dialysis) gives the simple result  [26,

27]

MLS =
(∂n̂/∂c)

2
Π

(∂n̂/∂c)
2
w
 Mw (23)

permitting evaluation of Mw from [R(0,c)/c]0.  The ratio (∂n̂/∂c)
2
Π/(∂n̂/∂c)

2
w provides a measure of

the preferential solvation of the solute by a component of the solvent, with deviations from unity

most prevalent when the preferentially solvating component is present at low concentration in the

mixed solvent  [26, 27, 52, 53].  Mixed solvents are often used in studies on polyelectrolytes, with

low molecular weight salts added to increase the ionic strength of the solvent, and to screen

electrostatic interactions among the charged solute molecules.  It is sometimes necessary to resort

to mixed organic solvents of uncharged polymers to achieve solubility.

3.3  Optically diverse scattering elements

To consider a solute disperse in composition, an instructive form of the expression for MLS

expression is obtained [20, 27, 54, 55] with the definitions mν = Mν/nν and

Δmj,ν = mj,ν – mν (24)

Δ~ψj,ν = ~ψj,ν – ~ψν (25)

such that ΣjΔmj,ν =  ΣjΔ~ψj,ν = 0,

MLS = ~ψ-2Σ
ν

C

 wνM
-1
ν{~ψνMν + Σ

j

nν

Δ~ψj,νΔmj,ν)}
2 (26)

If either Δ~ψj,ν or Δmj,ν are zero for all ν, as for a homologous series of chains heterodisperse in

chain length, or blends of such chains, this expression simplifies to give

MLS = ~ψ-2Σ
ν

C

  ~ψ
2
νwνMν (27)

For a system comprising two monomer units, such that ~ψν takes on one of two values, ~ψA or ~ψB, for

the two scattering elements with molecular weights mA and mB, respectively, so that  ~ψ = wA
~ψA +

(1 – wA)~ψB, MLS may be written in the form

MLS = (1 + 2µ1Y + µ2Y
2)Mw (28)

where
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Y =
~ψA  – ~ψB

~ψ
(29)

with (for n equal 1 or 2)

µn = Σ
ν

C

  wνMνΔw
n
ν/Mw (30)

Δwν = wAν – wA  =  wB – wBν (31)

where wAν and wBν = 1 – wAν are the weight fractions of A and B in component ν, respectively, and

wA  and wB = 1 – wA are the weight fractions of types A and B, respectively, in the total sample.

Consequently, in this case, MLS is a parabolic function of Y, and evaluation of µ1, µ2 and Mw

requires determination requires the determination of [R(0,c)/c]0  and (∂n̂/∂c)w in at least three

solvents differing in refractive index, but each a solvent for both of the blend components.

Obviously, this reduces to MLS = Mw for a homopolymer, as then  ~ψA = ~ψB.  Furthermore, this

result also holds systems for which Δwν = 0,  such as random and alternating copolymers or regular

block copolymers, with uniform structures among the molecules.  It should be noted that Mw for the

entire block copolymer is obtained, even though one of the blocks may be isorefractive with the

solvent, and therefore not contribute to the observed scattering.  More generally, if the composition

is independent of molecular weight, then µ1 vanishes, and µ2, falling in the range 0 ≤ µ2 ≤ wAwB,

depends on the composition.  Further examples have been discussed in detail [54], along with

another, equivalent form of the µn, obtained from the preceding with the definition MX,w =

w
-1
XΣνwνwX,νMX,ν, where MX,ν = wX,νMν, and X is A or B. With this definition,

2µ1 = {(1 – wA)(Mw – MB,w) – wA(Mw – MA,w)}/Mw (32)

µ2 = wAwB(MA,w + MB,w  – Mw)/Mw (33)

For example, if ~ψB = 0, then Y = 1/wA, and

 MLS = MA,w/wA  (34)

with a corresponding expression applicable if ~ψA = 0.  The vertex of the parabola describing MLS as

a function of Y occurs with Y = –µ1/µ2 and, of course, MLS = Mw for Y = 0 (~ψA = ~ψB).

The preceding parabolic form may also be developed for a blend of two homopolymers of type A

and B, or to copolymers comprising monomers of type A and B, present at weight fractions wA and

wB = 1 – wA with weight-average molecular weights MA,w and MB,w, respectively, to give

2µ1 = wAwB(MA,w – MB,w)/Mw (35)
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µ2 = wAwB(MA,w + MB,w  – Mw)/Mw (36)

As with the evaluation of MLS for copolymers, application of this expression to determine Mw of a

copolymer requires the determination of [R(0,c)/c]0  and (∂n̂/∂c)w in at least three solvents differing

in refractive index, but each a solvent for the copolymer.  Experimental tests of these relations have

been discussed  [54].

3.4  Optically anisotropic scattering elements

The depolarized scattering in the RGD regime from a solute with anisotropic scattering elements

may conveniently be expressed in the form [1, 20, 56, 57]:

 [Raniso(0,c)/c]0 = (1/15)K'(2!NA)2Σ
ν

C

  wνM
-1
ν 〈γ

2
ν〉 (37)

where 〈γ
2
ν〉 is the ensemble-averaged mean-square optical anisotropy per molecule, with

polarizability components given by

〈γ
2
ν〉 = {(3/2)[(α11 – α22)

2 + (α11 – α33)
2 + (α2 – α33)

2]

+ 3[α
2
12 + α

2
13 + α

2
23]}ν (38)

For isotropic scatters, αij = (αiso/3)δij, and 〈γ
2
ν〉 = 0, so that in that case, [Raniso(0,c)/c]0 = 0.  As

elaborated below, to a very good approximation, this is the usual case for high molecular weight

flexible chain polymers.  Detailed evaluation of 〈γ2〉 has been given for some polymers in the frame

of the rotational isomeric state model [25].  A useful simplification arises for polymers with

identical cylindrically symmetric polarizabilities for all chain elements, in which case (for  (∂n̂/∂c)w

≠ 0) Equation 38 may be put in the form

MLS,aniso
 = {[Raniso(0,c)/c]0/K'n̂

2
s(∂n̂/∂c)

2
w}  =  (3/5)Mwδ

2
LS (39)

δ
2
LS = M

-1
wΣ
ν

C

  wνMνδ
2
ν (40)

where δ
2
ν is given by



15

δ
2
ν =

δ
2
0

nν
 Σ

j

nν
 Σ

k

nν
  (3/2)[〈cos2 βij〉 – 1]  (41)

where βij is the angle between the major axes associated with scattering elements i and j on a chain

with nν elements, each with molecular weight m0.  Here, 〈...〉 indicates an ensemble average, and δ0

is given by

δ0 =
α|| – α⊥

α|| + 2α⊥
(42)

where α|| and  α⊥ are the principal polarizabilities of the scattering elements.  Two limiting cases for

chain molecules may be considered: a rodlike chain, with βij = 0 for all i and j, so that δν = δ0, and a

random coil with uncorrelated orientations among the scattering elements, such that only terms

with i = j contribute to the double sum, giving  δν = δ0/nν= m0δ0/Mν.  For these cases:

rod: MLS,aniso = (3/5)δ
2
0Mw    (43)

coil: MLS,aniso = (3/5)δ
2
0m0 (44)

so that the overall molecular weight is not reflected in MLS,aniso for the random coil chain even if δ0

approaches its maximum value of unity.  For a solute with a distribution of M, the values of MLS,Hv

and MLS,Vv determined from (RHv(0,c)/c)0 and (RVv(0,c)/c)0, respectively, are given by

MLS,Hv = (3/5)δ
2
LSMw    (45)

MLS,Vv = {1 + (4/5)δ
2
LS}Mw (46)

with δ
2
LS expressed above in terms of δ

2
ν and the molecular weight distribution.  One model that

provides a crossover between rod and coil chain limits is that for the wormlike chain, with

persistence length â, contour length L and mass per unit length ML = M/L.  For this chain,

δ
2
ν/δ

2
0 = (2Zν/3){1 – (Zν/3)[1 – exp(–3Z

-1
ν )]} (47)
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where Zν = â/Lν.  A numerically equivalent result may be obtained for the freely rotating chain

model with fixed valence angles between bonds  [20].  Inspection of Equation 47 shows that that

δ
2
ν/δ

2
0 decreasing from unity for Lν/â << 1 (rodlike) to approach 2â/3Lν for Lν/â >> 1 (coil like).  An

example of δ
2
LS/δ

2
0 as a function of Lw /â for a sample hetereodisperse in L may be seen in Figure 1

[1].

<<Figure 1>>

3.5  Scattering beyond the RGD regime.

Although the preceding based on the use of the RGD approximation will almost always be

adequate for (nonabsorbing) threadlike molecules, such as flexible or semiflexible coils, rodlike or

helical chains, etc, owing to sparse density of scatters in an "intramolecular" domain, that

approximation may fail for particles if they are large enough, depending on the refractive index of

the solvent in which they are dispersed.  Although the scattering for a number of particle shapes has

been treated  [1, 13, 19, 21, 23, 33, 58, 59], usually requiring numerical evaluation of the results, in

this chapter attention is focused on he Mie theory describing the scattering for spherical solute

beyond the RGD approximation.  Two parameters are critical in evaluating the crossover from

scattering for which the RGD approximation may be used, and that for which the Mie theory is

required:  ~α = 2!R/λ, with R the sphere radius, and ñ = n̂solute/n̂medium.  As mentioned above, the

complexity arises from the fact that unlike the case with the RGD approximation, the scattering

from a particle may no longer be taken as a sum over independent Rayleigh scatters. Evaluation of

MLS for homogeneous spheres may be accomplished within the Mie theory by the introduction of

two functions,  a function hsph(ñ)  =  3(ñ + 1)/2(ñ2 + 2) used to define a modified ~ψ, equal to

hsph(ñ)~ψ, in the calculation of MLS from the experimental  observations, and another function

msph(ñ,~α) appearing in the ratio between MLS (calculated with the modified ~ψ) and the true

molecular weight.  Thus, for a system of nonabsorbing spheres polydispersed in size and with the

same ñ and particle shape, the Mie theory gives

MLS = Σ
ν

C

  wνMν[msph(ñ,~αν)]
2

  ≥  Mw (48)
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Analytic expressions are available for msph(ñ,~α), and these find use in a variety of applications.  A

plot of MLS/M = [msph(ñ,~α)]2 as a function of ñ – 1 for monodispersed spheres with several values

of α is shown in Figure 2  [1].  The dashed lines in that figure correspond to an approximation to

msph(ñ,~αν) based on an expansion for small ~α2|ñ – 1|:

msph(ñ,~α) = 1 + jsph(ñ) ~α2|ñ –1| + ... (49)

 jsph(ñ) = (ñ + 1)(ñ4 + 27ñ2 + 38)/[15(ñ2 + 2)(2ñ2  + 3) (50)

As may be seen in Figure 2, this expression provides a useful approximation to MLS/M provided

~α2|ñ – 1| < 0.1 and ~α < 1.  An iterative process is needed in using Figure 2 to determine M from the

light scattering data, to insure consistency between the value of M deduced from the ratio MLS/M

and the value of R = (3M/4!ρM)1/3 used to compute ~α.

<<Figure 2>>

The deviations of MLS/M from unity seen in Figure 2 can have important impact on, for example,

the use of a light scattering detector to study the effluent in a chromatographic separation to

determine the size distribution of a polydisperse sample of spheres.  As implied by the inequality

given above, MLS does not correspond to any of the usually defined molecular weight averages, nor

to any single average over a wide range in ~α and ñ.   For the range of small  ~α2|ñ – 1| discussed

above for the expansion of msph(ñ,~α) (for particles with a homogeneous refractive index),

MLS ≈ Mw[1 + 2(2!R/λΜ1/3)2M
2/3
z jsph(ñ)] (51)

(where 2!R/λΜ1/3 is independent of M).  In principle, the dependence of MLS on λ incorporated in

the preceding expressions provides a means analyze MLS as a function of λ to determine the size

distribution, and methods of this type have been proposed  [23, 30, 60]. They have, however, been

largely superceded by methods involving measurements of the scattering as a function of q.

Finally, it may be noted that much of the literature on the Mie theory for nonabsorbing spheres at

infinite dilution is cast in terms of the extinction efficiency Qsca(ñ,~α), where !R2Qsca(ñ,~α) is the

turbidity τ of the sample (e.g., the fraction of light transmitted by a sample with thickness b and
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concentration ν is exp(–τbν)).  For example, in terms of Qsca(ñ,~α), for a monodisperse sample of

spheres with ñ > 1.4 and ~α >4,

MLS ≈ M{3Qsca(ñ,~α)/4~α2(ñ – 1)hsph(ñ)}2
  (52)

In the so-called Fraunhofer scattering regime discussed below (~α >> 1 and ñ > 1.1), Qsca(ñ,~α) tends

to 2, leading to simpler expressions sometimes exploited in analytical applications  [21, 61-66].

Although much of the available literature refers to the Mie theory for spheres studies are available

on a nonspherical particles, for which the expression given above for spheres may be modified to

read

MLS = Σ
ν

C

  wνMν[m(ñ,λ,Mν)]
2

 (53)

where the function m(ñ,λ,Mν) is specific for each particle shape  [1, 13, 19, 21, 23, 33, 58, 59].

4.  Scattering at infinite dilution and small q

4.1   The basic relation

Expansion of the ensemble average in PLS(q,0) given above for small q for the expression in the

RGD regime gives

PLS(q,0) = 1 – (1/3)q2R
2
G,LS  +  … (54)

R
2
G,LS =

Σ
ν

C

  wνM
-1
νΣ

j

nν
 Σ

k

nν
 ~ψj,ν

~ψk,ν mj,νmk,ν〈|rjk|
2
ν〉

2Σ
ν

C

  wνM
-1
ν [Σ

j

nν
~ψj,νmj,ν]

2

(55)

Following the order in the preceding,  expressions for R
2
G,LS are discussed in the following, starting

with the simplest case of a solute comprising optically identical scattering elements in the RGD

regime, and culminating in an example for which the RGD approximation may not be utilized.

4.2  Identical scattering elements



19

Specialization to the important case with mi and ~ψi the same for all scattering elements, as for a

homologous series of a homopolymer, leads to considerable simplification:

R
2
G,LS =

1
Mw

 Σ
ν

C

  wνMν R
2
G,ν (56)

R
2
G,ν =

1
2n

2
ν

Σ
j

nν
 Σ

k

nν
  〈|rjk|

2
ν〉 (57)

with R
2
G,ν the mean-square radius of gyration for the ν-th component; here components may differ

in molecular weight and/or structure.  Expressions for R
2
G,ν for a few specific models that are often

encountered are tabulated in Table 1.  One can often (but not always) express R
2
G,ν in a power-law

to facilitate calculation of R
2
G,LS for samples heterodisperse in molecular weight:

R
2
G,ν = (R

2
G/M

ε
)M

ε
ν (58)

where R
2
G/M

ε
 is a constant for the monodispersed solute, e.g., R

2
G/M = â/3ML or R

2
G/M2 = 1/12M

2
L

for the random-flight and rod models, respectively, with ML = M/L and â the persistence length.

Theoretical considerations can assign the constant (R
2
G/M

ε
) and a value to ε for a variety of models,

e.g., 2/3 for a sphere, 1 for a random-flight coil chain, 7/6 for a flexible chain with full excluded

volume, and 2 for a rodlike chain.  With this power-law representation, R
2
G,LS may then be evaluated

to give the results presented in Table 2; as may be seen, a special notation is introduced for

averages involving non-integral ε  [67].  Although the use of dynamic light scattering to determine

the light-scattering averaged hydrodynamic radius RH,LS is not discussed in this chapter, in the

interests of completeness, expressions are given for RH,LS for the special case RH,ν = (RH/M
ε
)M

ε
ν

using the expression (for a homologous series of a homopolymer)

R
2
H,LS = Mw/ Σ

ν

C

  wνMν R
-1
H,ν (59)

Because of the appearance of Mz in the expression for R
2
G,LS for a random coil chain, R

2
G,LS is often

referred to as a "z-average" value, but inspection of the Table 2 shows the limitations of this

designation.

<<Table 1>>
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<<Table 2>>

The wormlike chain with persistence length â and contour length L is not represented in Table 2, as

for that model the expressions for R
2
G for monodisperse solute does not reduce to a power law,

except for the coil or rod extremes with small or large â/L, respectively.  Thus, inspection of the

expression in Table 1 shows that R
2
G for the persistent chain reduces to power-laws R

2
G = âL/3 or R

2
G

= L2/12 for â/L << 1 (coil limit) or â/L >> 1 (rod limit), respectively, with a crossover between

these two limiting forms for â/L ≈ 1.  Consequently, R
2
G,LS varies from proportionality to Mz or

MzMz+1 in these extremes.   If it assumed that the well-known Schulz-Zimm (two-parameter

exponential) distribution of M may be applied, then R
2
G,LS may be evaluated for cases that do not

result in forms based on the standard molecular weight averages (Mn, Mw, Mz, etc.).  For example,

for the persistent coil model use of that distribution function gives [67],

R
2
G,LS = (Lzâ/3)SLS(â/Lz) (60)

SLS(Zz) = 1 – 3Zz + 6Z
2
z
h + 2
h + 1

 –6Z
3
z

 (h + 2)2

h(h + 1)2{1 – [1 +  (Z(zh + 2))-1]-h} (61a)

≈ [1 + 4Zz(h + 2)/(h + 3)]-1  =  [1 + 4â/Lz+1]
-1 (61b)

where Zz = â/Lz;.  As expected, this result ranges from  R
2
G,LS = LzLz+1 for â/Lz >> 1 (rod limit) to

R
2
G,LS = âLz/3 for r â/Lz << 1 (coil limit), with the crossover between these two limits seen for â/Lz ≈

1.  Moreover,  the final Padé approximation with R
2
G,LS ≈ (Lzâ/3)[1 + 4â/Lz+1]

-1 obtained using the

Schulz-Zimm distribution in M provides the correct limits for large or small â/Lz, and might be

expected to apply as well with other distributions in M.

The expressions for the random-flight chain in Tables 1 and 2 and its limitations for flexible chain

polymers requires some comment.  The random-flight model is based on the assumptions that

excluded volume interactions are suppressed (as under Flory theta conditions, with A2 = 0) and that

the ensemble averaged mean square separation 〈r2
ij〉 of scattering elements i and j is proportional to

|i – j|, requiring very large L, even for a flexible chain  [5, 12, 20, 25, 27, 29, 37, 44, 45]; it may be

noted that for practical purposes, the determination of R
2
G by light scattering tends to be limited to

larger L in any case, to achieve sufficiently large u ∝ R
2
G/λ2, but that limitation is relaxed to permit

determinations of R
2
G for smaller L with scattering using radiation with smaller wavelength (e.g.,

neutron or x-ray scattering).  The effects of the assumption that 〈r2
ij〉 ∝ |i – j| has been examined
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within models eliminating this approximation, so that, for example, the true value of R
2
G may no

longer equal âL/3 for smaller L .  These models include the rotational-isomeric-state (RIS) model

with an atomistic representation of the polymer chain [25], and the more coarse-grained  helical-

wormlike chain (HW) model  [5].  With both models, the deviation of R
2
G/L at low L from its

constant value at large L may be adequately represented. The HW model introduces an additional

parameter in comparison with those for the wormlike chain, and the RIS model requires a realistic

potential for bond rotations, including the effects of the rotational state of nearby bonds.  The

original version of the RIS model, with bond rotation potentials assumed to be independent of the

rotational state of neighboring bonds, exhibits dependence of  R
2
G/L on L at low L  [5, 25, 37, 68],

but cannot capture realistic behavior owing to the inadequacy of the assumed independent bond

rotation potentials.

The effects of excluded volume interactions become increasingly important with increasing L for

systems for which A2 > 0; in so-called "good solvents", the ratio A2M
2/R

3
G of the "thermodynamic

volume" per mol A2M to the geometric volume per mole R
3
G/M tends to a constant at large L [12,

27, 29, 45, 69-71].  The effects of excluded volume interactions are usually embodied in the

expansion factor α, defined as

α2 = R
2
G/R

2
G,0 (62)

where R
2
G,0 = âL/3 for large L; as seen below, α ≈ 1 for small L.  With the so-called "two-

parameter" treatments of α and A2 for flexible chains,

α5 – α3 = a1zh(â/L,z) (63)

A2 = A2
(R) 

a(â/L,z) (64a)

where

A2
(R)

= (!NA/4M
2
L) dThermo (64b)

z = (3dThermo/16â) (3L/!â)
1/2 

(64c)

a(â/L, z) ≈ {1 + b1(â/L) z/α3}-1 (64d)

Both h(â/L,z) and a(â/L,z) are unity for z = 0, ML = M/L and A2
(R)

, the value of A2 that would obtain

if the chain were rodlike, 
 

is proportional to the binary cluster integral  [12, 29, 44, 45, 70].  In the

limits of small  â/L (coil conformation), the dependence on â/L is suppressed, whereas for large â/L

(rodlike chain), α and a(â/L, z) tend to unity for any z.   The thermodynamic diameter dThermo of the
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chain a measure of the length scale of the segmental interactions, reducing to zero at the Flory theta

temperature Θ (for which A2 = 0). To a good approximation [45], for small â/L, a(â/L,z)  ≈ {1 +

b1z/α3}-1, b1 ≈ 2.865 and for linear flexible chains (â/L << 1) a1 = 134/105 and h(â/L,z) tends to the

constant A2M
2
/4!3/2NAR

3
G for large z [45, 70, 72].  At the present time, it is beyond the scope of

theory to provide reliable estimates of A2
(R)

, despite an interesting proposal to base estimates on the

properties of small molecule mixtures   [73]. However, dThermo increases from zero at the Flory

Theta temperature to become about equal to the geometrical chain diameter dgeo for chains

interacting through a hard-core repulsive potential, and can be much larger than dgeo for

polyelectrolyte chains.  With  h(â/L,z) a constant for large z, α2 ∝ z2/5 ∝ (L/â)1/5, and as a

consequence, R
2
G/â2 = (L/â)α2/3 ∝ (L/â)6/5.  For the  scattering regime of usual interest in light

scattering, it usually adequate to use the random-flight expression for P(q,0), with the value R
2
G =

âL/3 appearing therein replaced by âLα2/3.

Although it is beyond the scope here, it should be noted that the wormlike chain model can also be

adapted to include excluded volume interactions, in which case both a1 and b1are replaced by

functions of â/L, and z is replaced by a similar parameter that includes an additional function of â/L

[45, 74-76].

In addition to the expressions listed in Table 1, R
2
G has been derived for a wide range of branched

chain structures for the random-flight model, including comb and star shaped molecules, randomly

branched chains and hyperbranched structures  [22, 77, 78].  For example, detailed expressions for

R
2
G for regular star- and comb-shaped branched chains within the random-flight approximation can

be approximated very well by the simple expression [45, 79]

R
2
G = gR

2
G,LIN (65)

g = λbr + gstar(1 – λbr)
7/3   (66)

where R
2
G,LIN refers to a linear chain of the same M as the branched molecule,  f is the number of

branches, gstar = (3f – 2)/f2, and λbr is the ratio of the mass in the branches to that in the backbone,

i.e., λbr = 0 for a star-shaped molecule, and λbr = 1 for a linear chain.  The parameters a1 and b1

introduced above in Equations 63 and 64, respectively, have been computed for comb and star-

shaped branched polymers  [45, 78, 80, 81]
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4.3  Optically diverse scattering elements

As would be anticipated from the expression given above for R
2
G,LS, the evaluation of R

2
G,LS for

structures with mi and ~ψi differing among the scattering elements is complex, even for a copolymer

for which all chains have the same molecular weight and composition,  allowing only for variation

in the sequence of the scattering elements among the chains (or in a particles), e.g., a block or

alternating copolymer, stratified particles, etc ., such that Equation 55 reduces to

R
2
G,LS =

Σ
ν

C

  Σ
j

nν
 Σ

k

nν
 ~ψj,ν

~ψk,ν mj,νmk,ν〈|rjk|
2
ν〉

2[Σ
ν

C

  Σ
j

nν
~ψj,νmj,ν]

2

       (67)

Restricting further to the special case of only two scattering elements, A and B, and making use of

the relations wA = 1 – wB  = nAmA/(nAmA + nBmB) and ~ψ = wA
~ψA  + wB

~ψB ,

R
2
G,LS = ~ψ-2{w

2
A
~ψ

2
AR

2
G,A  +  w

2
B
~ψ

2
BR

2
G,B  +  2wAwB

~ψA
~ψBR

2
G,AB} (68)

R
2
G,AB = [R

2
G,A + R

2
G,B + Δ

2
AB]/2 (69)

Here, Δ
2
AB is the mean-square separation of the centers of gravity of the structures comprising only

A or B units, and

R
2
G,ν =

1
2n

2
ν

Σ
j

nν
 Σ

k

nν
 〈|rjk|

2
ν〉 (70)

for ν equal to either A or B, with, for example, only the type A elements being considered in the

sum for R
2
G,A, i.e., R

2
G,A is the value of R

2
G,LS for conditions with ~ψB = 0, etc.  A further

simplification in form is made using the definition  ~wA = 1 –  ~wB = wA
~ψA/

~ψ, to give

R
2
G,LS = ~wAR

2
G,A  +  (1 – ~wA)R

2
G,B  +  ~wA(1 – ~wA)Δ

2
AB (71)
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This expression may be used, for example, for copolymers or stratified spheres, etc.  [30, 54, 55,

82].  In applying this expression, it is assumed that R
2
G,A, R

2
G,B and Δ

2
AB do not depend on the

solvent; this may be reasonable with particles, such as stratified spheres, but can compromise the

interpretation of data on flexible chain polymers, which are susceptible to excluded volume effects,

or even collapse of one component in certain block copolymers.  For copolymers with either

random or strictly alternating placements of the A and B units, Δ
2
AB = 0.  By contrast, for a block

copolymer  Δ
2
AB may be comparable to R

2
G,A and R

2
G,B.  For example, with a block copolymer with a

random-flight chain conformation, and with N each of A and B blocks, Δ
2
AB = 2(R

2
G,A + R

2
G,B)/N.

Consequently,  Δ
2
AB tends to zero for large N, as for an alternating copolymer, but Δ

2
AB cannot be

neglected for a diblock copolymer (N = 1).  Values of Δ
2
AB are available for a few additional model

structures [54, 55].  It is important to note that since x may be positive, negative or zero, R
2
G,LS may

also take on  positive, negative or zero values, in distinction from the geometric mean square radius

of gyration R
2
G,geo, which must be positive.  Thus, for R

2
G,geo, the dependence on ~ψA and ~ψB is

suppressed, and for copolymers with a random-flight conformation,

R
2
G,geo = wAR

2
G,A  +  (1 – wA)R

2
G,B  +  wA(1 – wA)Δ

2
AB   (72)

by comparison with R
2
G,LS given above.

For a stratified spherical structure with a shell (or coating) surrounding a spherical core, ΔAB = 0,

and for monodispersed solute, with outer diameter RB and inner core diameter RA < RB,

R
2
G,LS = (3/5) 








~wAR
2
A   +(1 – ~wA)

R
5
B – R

5
A

 R
3
B – R

3
A
 (73)

where ~wA and ~wB = 1 – ~wA are calculated, respectively, using the weight fractions wA in the core

and wB = 1 – wA in the shell  [30].  For a thin shell enclosing the solvent, such that  ~wA = 0, as

might be appropriate for some solvent-filled spherical micelles , this expression reduces to

R
2
G = (3/5)R

2
B 



1 – [1 – (Δshell/RB)5] 

1 – [1 – (Δshell/RB)3] 
(74)

where Δshell = (RB  – RA).  The ratio of the volume of the shell to its surface area may be expressed

as [1, 7, 83, 84]
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v2M/NA = 4!R
2
BΔshell{1 – (Δshell/RB) – ((Δshell/RB)2} (75)

 with specific volume v2 of the shell.  Thus, for a thin shell, with Δshell/RB << 1, combination of

these expressions to present Δshell in terms of the experimental parameters R
2
G, M and v2 gives

Δshell ≈ (v2M/4!NAR
2
G){1 + (1.3)β2 + 0.06β3 + …}-1 (76)

where β = v2M/4!NA(R
2
G)3/2, providing a means to determine Δshell by light scattering

measurements, even though Δshell << λ.

Expressions for R
2
G are available for other of hollow particle shapes  [30, 85, 86].

4.4  Optically anisotropic scattering elements

The restriction to optically isotropic scattering elements  may be relaxed to give

[RHv(q,c)/c]0 = K'n̂
2
s(∂n̂/∂c)

2
wMLS,HvPLS,Hv(q,0) (77)

[RVv(q,c)/c]0 = K'n̂
2
s(∂n̂/∂c)

2
wMLS,VvPLS,Vv(q,0) (78)

for a homologous homopolymer comprising scattering elements with cylindrical symmetry, where

MLS,Vv and MLS,Hv are discussed in the preceding section on scattering at infinite dilution and zero

scattering angle, and

PLS,Hv(q,0) = 1  –  (3/7)R
2
G,LS,Hvq

2  +  … (79)

PLS,Vv(q,0) = 1  –  (1/3)R
2
G,LS,Vvq

2  +  … (80)

with

 R
2
G,LS,Hv =  

Σ
ν

C

  wνMνδ
2
νf

2
3,νR

2
G,ν

Σ
ν

C

  wνMνδ
2
ν

(81)

R
2
G,LS,Vv =

Σ
ν

C

  wνMν(1 + 4δ
2
ν/5)J(δν)R

2
G,ν

Σ
ν

C

  wνMν(1 + 4δ
2
ν/5)

(82)
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where R
2
G,ν is given in Table 1. It may be noted that the expressions for [RVv(q,c)/c]0  and

[RHv(q,c)/c]0  require that [Rcross(q,c)/c]0  is not zero unless q = 0, with [Rcross(q,c)/c]0  ∝ q2 for small

q.  For the persistent coil model,

J(δν) =
1 – (4/5)f1,νδν + (4/7)(f2,νδν)

2

1 + (4/5)δ
2
ν

 (83)

with the parameters fi, shown in Figure 3 as functions of L/â  [20].  As may be seen, these

parameters all unity for small L/â  < 1(rod limit), and decrease  essentially proportionally to â/L for

L/â > 3 as the conformation approaches the coil limit.  Consequently, in the latter regime,  J(δν) ≈ 1,

and the expression for R
2
G,LS,Vv reduces to that with isotropic scattering elements.  In the opposite

limit with δν ≈ δ0 as for L/â << 1 (rod limit), all of the fi,ν approach unity.  An example of R
2
G,LS,Vv

divided by the expression LzLZ+1/12 appropriate in the rodlike limit for a sample heterodisperse in

L is shown in Figure 1.  In a practical sense, for the use of these expressions coupled with

experimental δ
2
LS, the values of δ

2
LS will be so small if the chain is not nearly rodlike that one can set

all of the fi equal to unity with negligible  effect.

<<Figure 3>>

A complication can occur if the optically anisotropic polymer is also chiral, as that may introduce

rotations of the polarization states of both incident and scattered beams, complicating the analysis.

Mention is made at the close of the next section of the scattering from particles comprising

anisotropic scattering elements.

4.5  Scattering beyond the RGD regime

The preceding expressions must be modified if the RGD approximation fails.  For compositionally

homogeneous scatters, the results may be cast in the form  [1]

 R
2
G,LS =

Σ
ν

C

  wνMνy(ñ,λ,Mν)[m(ñ,λ,Mν)]
2R

2
G,RGD,ν

Σ
ν

C

  wνMν[m(ñ,λ,Mν)]
2

(84)
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where R
2
G,RGD,ν is the mean-square radius of gyration that would be computed for the RGD

formulation, m(ñ,λ,Mν) is defined above in the discussion of MLS and  y(ñ,λ,Mν) is an additional

function of the same variables, with  y(ñ,λ,Mν) tending to unity as the RGD conditions are

approached.  For homogeneous spheres, the Mie scattering theory may be adopted, to give

 R
2
G,LS = (3/5)

Σ
ν

C

  wνMν[msph(ñ,~αν)]
2ysph(ñ,~αν)R

2
ν

Σ
ν

C

  wνMν[msph(ñ,~αν)]
2

(85)

where the functions ysph(ñ,~αν) and msph(ñ,~αν) may be evaluated using the Mie theory  [1, 23, 30, 33,

59].  The result for a monodisperse solute, given in Figure 4, reveals a very complex behavior as a

function of ~α = 2πR/λ and ñ, with oscillations in R
2
G/R2 as a function of ~α dominant for larger  ñ   .

Although these oscillations would tend to smooth for a solute heterodisperse in R, complicated

behavior may still be expected.  Similar treatments have been applied with other spherically

symmetric structures, including stratified spheres  [87-90].

<<Figure 4>>

5.  Scattering at infinite dilution and arbitrary q

5.1  The basic relation

The intramolecular (intraparticle) scattering form factor P(q,0) given by Equation 17 in the RGD

regime, is reproduced here for convenience,

PLS(q,0) =

Σ
ν

C

  wνM
-1
νΣ

j

nν
 Σ

k

nν
 ~ψj,ν

~ψk,ν mj,νmk,ν〈[sin(q|rjk|ν)]/q|rjk|ν〉

Σ
ν

C

  wνM
-1
ν [Σ

j

nν
~ψj,νmj,ν]

2

  (17)

This expression has been calculated for a wide variety of structures.  Most of these models tend to

be coarse-grained representations of the solute structure, in keeping with the length scale given by



28

q–1 for light scattering; more detailed atomistic models would be appropriate, for example, for the

q–range sampled by wide angle neutron and x-ray scattering.

Following the order in the preceding,  expressions for PLS(q,0) are discussed in the following,

starting with the simplest case of a solute comprising optically identical scattering elements in the

RGD regime, and culminating in an example for which the RGD approximation may not be

utilized.

5.2  Identical scattering elements

Turning first to the important case with mi and ~ψi the same for all scattering elements, as for a

homologous series of a homopolymer (or particles), the expression given above for examples for

PLS(q,0) may be simplified to read:

PLS(q,0) =
1

Mw
 Σ
ν

C

  wνMν Pν(q,0) (86)

Pν(q,0) =  
1
n

2
ν

 Σ
j

nν
 Σ

k

nν
 〈[sin(q|rjk|)/q|rjk|〉 (87)

Tables of expressions for P(q,0) for a wide range of polymer and particle structures are available,

some of which are elaborated in the following   [22, 30].

Calculations of P(q,0) in the RGD approximation often employ an integral form of the expression

for Pν(q,0), using  a continuous chain model with a chain of contour length L comprising optically

isotropic scattering elements  [5, 91], such that (suppressing the subscript ν for convenience when

considering a monodisperse solute):

P(q,0) = (2/L2)⌡
⌠

0
L
(L – x) ~g(q,x) dx (88)

where ~g(q,x) is the Fourier transform of the distribution function G(r,x) for chain sequences of

contour length x with end-to-end vector separation r:

~g(q,x) = (4!/q)⌡⌠0
∞r sin(rq) G(r; x) dr (89)
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The form used for G(r,x) then distinguishes different models, e.g., random-flight chains with a

Gaussian form for G(r,x)  [1, 22, 30, 31, 79, 85], with a non-Gaussian G(r,x) for persistent or

rodlike chains.  Other forms for P(q,0) are applied in calculations for particles [30].   The results of

model calculations with isotropic scattering elements within the RGD approximation for a few

cases that lead to concise analytical expressions for some commonly encountered structures for a

monodisperse solute are tabulated in Table 3, and a selection of those are shown in Figure 5.  The

P(q,0) for the examples shown coalesce for small R
2
Gq2, as should be anticipated given the invariant

form for P(q,0) for small q, i.e., ∂P(q,0)/∂q2 = R
2
G/3.  It may be noted that as shown in the insert,

P(q,0) vs R
2
Gq2 are essentially numerically equivalent for R

2
Gq2 less than about 2.

<<Table 3>>

<<Figure 5>>

The well-known result of Debye for P(q,0) given in Table 3 for the linear, monodisperse random-

flight  chain model with large L is obtained on the assumption of a Gaussian G(r,x) for all x.  It

finds nearly universal use with flexible chain polymers.  Consideration of this expression shows

that for large R
2
G, the experimental range of u conveniently accessed at small angle accessible might

be restricted to u large enough to lead to inaccuracy in the determination of the true q = 0 intercept

of [c/R(q,c)]0  vs q  and the initial tangent ∂[c/R(q,c)]0/∂q2 for small q needed to determine R
2
G (see

above).  It has been noted that a fortuitous partial suppression of the higher order terms in u in the

function P(q,0)-1/2 can help alleviate this difficulty [72].  Thus, expansions in terms of u give

P(q,0)-1    = 1 +  u/3  +  u2/36  +  … (90)

P(q,0)-1/2 = 1 +  u/6  –  u3/1080  +  … (91)

In using this strategy, the investigator would examine plots of [c/R(q,c)]1/2 versus q2 for each

concentration studied, and extrapolate the intercepts and initial tangents to infinite dilution (the

means for such extrapolations are considered in the following); this strategy is not useful for linear

chains with a most-probable distribution of L, see below.

The random-flight model has been applied to compute P(q,0) for a wide range of branched

homopolymers, including star, ring and comb-shaped molecules, randomly branched chains and
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dentritic structures [1, 2, 22, 79, 85].  As would be expected P(q,0) for these structures is not given

by the expression above for linear chains.  Nevertheless, that form is provides a useful

approximation to the calculate P(q,0) if R
2
G in that expression is taken to be the value R

2
G = g R

2
G,LIN

of the branched chain in place of R
2
G,LIN for the linear chain of the same molecular weight; the

branching parameter g is discussed in the preceding.  An example of this comparison shown in

Figure 6 demonstrates the utility of this approximation.

<<Figure 6>>

Consideration of the behavior of the Debye expression for P(q,0) for large u gives:

lim 
u >> 1

 P(q,0)-1 = C  +  u/2  +  O(u-1)       (92)

where C = 1/2 for the linear chain (see below for a discussion of branched flexible chains).  With

this result, for the (monodisperse) linear random-flight chain [20, 27, 55]

lim 
u >> 1

 [Κοπc/R(q,c)]0 = (1/2)[M-1  +  (R
2
G/M)q2  +  …] (93)

or a tangent ∂[Κοπc/R(q,c)]0/∂q2  = âL/6M = â/6ML, dependent only on the short-range features of

the chain conformation.  The limiting value of 2 for the Debye result for uP(q,0) at large u is easily

seen by inspection of the expression.  However, numerical evaluation demonstrates that this limit is

not attained until u is rather large, e.g., uP(q,0) is 1.800 and 1.980 for u equal to10 and 100,

respectively.  Moreover, the assumption in the random-flight model that G(r,x) is Gaussian for all

sequence lengths x cannot be a good representation for small x, corresponding to the scattering

regime sampled at large q  [5, 91].  As elaborated in the following paragraphs, one might anticipate

that G(r,x) would approach the behavior for a rodlike chain for small x.  The expression for P(q,0)

for a rodlike chain given in Table 3 tends to a very different limit for large L  [92, 93]:

lim 
u >> 1

 P(q,0)-1 = C  +  Lq/!  +  O(q-1)  = C  + (12u)1/2/!  +  O(q-1) (94)
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with C = 2/!2 and u = R
2
Gq2  = L2q2/12.  As a consequence, in this limit the ∂[Κοπc/R(q,c)]0/∂q  =

1/!ML, with this value independent of any distribution in M for a homologous series.  With this

expression, uP(q,0) is linear in u1/2 for large u, i.e.,  uP(q,0) ~ !(u/12)1/2, rather than the limit

uP(q,0) ~ 2 for the random-flight chain.

Persistent chain models attempt to account for the inherent non-Gaussian behavior for realistic

chains.  A number of calculations based on the wormlike chain model have been presented [5, 47,

74, 75, 91, 94-99], none of which provide a physically acceptable result for large q, as they do not

represent the crossover to the rodlike behavior that would be anticipated in that limit, with the

models based on Gaussian statistics lacking that limit altogether.  However, following early

analyses based on that model, the effects of the chain structure on P(q,0) are often discussed in

terms of regimes noted in the functions (âL/3)q2P(q,0) and (L/!)qP(q,0) vs qâ: region I behavior for

R
2
Gq2 << 1, with (âL/3)q2P(q,0) increasing monotonically with increasing R

2
Gq2; region II behavior

for 1/R
2
G < q2 < â2, with (âL/3)q2P(q,0) tending to plateau with (âL/3)q2P(q,0) =2, the development

of which depends on the value of l/â; and region III, with (âL/3)q2P(q,0) increasing with increasing

q, a region not accurately captured by the early models for rodlike chains.  Although this behavior

is usually not observed in light scattering data owing to the range of q accessible in the physically

available range of angles, the behavior is important in the scattering with radiation at smaller

wavelength (e.g., neutron and x-ray scattering), and is elaborated in the following.

Calculations designed to overcome the deficiencies noted above in P(q,0) obtained with early

treatments based on the wormlike chain have been given for what has been called the Kratky-Porod

chain  [5, 91, 96, 100, 101].  On the basis that P(q,0) for persistent chains should be similar to that

for the random-flight model for R
2
Gq2 << 1, transforming to the behavior for a rodlike chain for âq

>> 1, a model was developed based on complicated numerical representations for G(r,x)  [5, 91].

The results provide a crossover from a function PRF(q,0) for R
2
Gq2 << 1 to P(q,0) for the rodlike

chain for âq >> 1, where numerical results for PRF(q,0) (for 0.1 ≤ L/â ≤ 20,000) are well-

represented by the expression for the random-flight chain (see Table 3), using R
2
G  = (âL/3)S(â/L)

for the wormlike chain (in place of the value (âL/3 for the random-flight chain), see Table 1.  The

results for P(q,0) are presented as a fairly complicated expression involving a number of numerical

parameters chosen to fit the numerical results of the calculation of P(q,0).  Examples of

(L/2â)P(q,0) vs 2âq calculated with that expression have been presented in graphical bilogarithmic
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form for twelve values of L/â, ranging from 0.6 to 1,280  [102]; the plot exhibits a family of curves

that decrease gradually (as given by (L/2â)PRF(q,0), until a crossover range of 2âq is reached, with a

fairly rapid transition to the rodlike behavior for larger âq; the span in âq over which the crossover

occurs shortens with decreasing L/â, i.e., as the chain becomes more rodlike.  Although the

crossover expression, presented in a form requiring the use of a number of numerical parameters, is

involved, one might anticipate that a Padé approximation for P(q,0) calculated for persistent chain

models will provide a useful approximation in many cases if L/â > 1.  An alternative form, based on

a different computational method, and resulting in a result requiring numerical integrations

provides similar numerical results [101], and both are similar to the results obtained by numerical

simulations on the wormlike chain  [100].  Inspection of these results shows that the expression

P(q,0) ≈ 







PRF(q,0)m  + 



1 – exp(–(âq)2)

1 + Lq2/!

m

 
1/m

(95)

with m = 3 provides a good representation of the more complex crossover expression for L/â > 5;

the second term in the brackets is devised to go to zero as q tends to zero, and to give the correct

asymptotic behavior for a rodlike chain for larger q.  The deviation of the Padé approximation with

m = 3 from the numerical P(q,0) for smaller L/â reflects the sharpening character of the crossover

noted above, and accordingly, may be minimized by permitting m to increase with decreasing L/â,

e.g., m equal to 6 for L/â of 2.5 to 0.6.  An alternate approximate treatment  [96], designed to match

a certain power-series expansion of PRF(q,0) at small q, and the rod behavior at large q results in an

integral form requiring numerical evaluation; the results for L/â > 5 are fitted reasonably well with

the Padé expression for m = 6, showing a sharper crossover than that with the first Kratky-Porod

model discussed above.

Plots (âL/3)q2P(q,0)  and (L/!)qP(q,0) vs qâ  are given in Figure 7 for the first of the two Kratky-

Porod models described above, using data extracted from the bilogarithmic plot of (L/2â)P(q,0) vs

2âq mentioned there.  Following a monotone increase of (âL/3)q2P(q,0) with increasing âq (region

I), the plots reveal a tendency to form a horizontal branch arising from the approach of

(âL/3)q2PRF(q,0) to its limiting value of 2âL/3R
2
G = 2/{S(â/L)} with increasing q (region II), and a

linearly increasing branch given by (!/3)âq  at larger q (region III).  The intersection of the

extrapolated lines for regions II and III occurs at a crossover q* given by
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âq* ≈ (6/!)S(â/L)-1  ≈  (6/!)(1 + 4â/L) (96)

where the approximate form given above for S(â/L) is used in the final approximation.  Given the

physical limitation on the scattering angle (i.e., ϑ ≤ !), â/λ must be larger than about

(3/2!2)(1 + 4â/L) ≈ 0.24 if the transition to regime III is to be observed.  That would place the

transition outside the range for scattering using visible light except for a long, nearly rodlike chain,

but the transition marked by q* has been used with an expression such as this in the analysis of

q2P(q,0) from neutron or x-ray scattering to evaluate â for semiflexible polymers, see below.

<<Figure 7>>

The examples of (Lq/!)P(q,0) vs qâ in Figure 7 show a maximum, corresponding to the maximum

in u1/2PRF(q,0) for u ≈ 2.149, or q = q** = {2.149/R
2
G}1/2, with a rapid decrease to the asymptotic

form (Lq/!)P(q,0) ≈ 1 for q >> q*.  As may be seen in Figure 7, the height of the maximum in

(Lq/!)P(q,0) above the asymptotic limiting value decreases with decreasing L/â, with no maximum

at all for the rodlike chain (the limit as â/L goes to zero).  In addition, the appearance of the

maximum is sensitive not only to the value of L/â, but also to the distribution in L present in the

sample; q** remains proportional to (R
2
G,LS)-1/2, with a proportionality constant that depends on both

L/â and the molecular weight distribution, and with R
2
G,LS changing from proportionality with Lz to

proportionality with (LzLz+1)
1/2 with decreasing L/â (see below).  For example, for a most-probable

distribution of M (Mw/Mn, = 2), q** ≈ {3/(R
2
G/M)Mz}

1/2 for the random-flight chain model.  The

effects of the distribution in M have been evaluated for a range of parameters using the second (and

apparently less accurate) of the crossover models mentioned above, showing suppression of the

maximum with increasing heterodispersity in L [103].

More recently, the use of expressions for the persistent coil have been applied to light scattering

studies on wormlike micelles; the large values of L and â for these makes investigation of this large

âq behavior possible, but it should be noted that all of the above is for an "infinitely thin" chain,

and neglects chain thickness effects that could affect the scattering at high q [104].  Although this

may usually be negligible in light scattering, it may be important for the scattering with smaller

wavelengths, e.g., neutron scattering.  A simple approximation is usually used to extract the radius
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Rc of the (assumed) circular cross-section of the chain in such cases from the scattering in region

III, with a factorization  given by [30, 104]

PIII(q,0) ≈ (!/Lq)Psection(q,0) (97a)

Psection(q,0) ≈ 



2J1(Rcq)

Rcq

2

 ≈  exp[–(Rcq)2/4] (97b)

where J1(x) is the first-order Bessel function of the first kind; inspection shows that the exponential

(Guinier) approximation is within 10 % of the Bessel function relation for Rcq < 2, with the

deviation increasing  rapidly for larger qRc.  Expressions for Psection(q,0) for other cross-section

geometries are available, including hollow structures [30, 86, 104]  The assumed factorization has

been examined in a more rigorous treatment, and found to be useful provided R < L/20  [95], which

is often satisfactory for use with the scattering from wormlike or cylindrical micelles, for which R

is of the order on 1 nm.  The  example in Figure 8a shows data on a wormlike micelle

demonstrating the several features described in the preceding; the data were obtained by small-

angle neutron scattering as light scattering data would not access only the smallest range of q for

the data shown [105].  The example in Figure 8b shows data comprising both light and small-angle

neutron scattering on a wormlike micelle characterized by L/â ≈ 3 which, coupled with the

dispersity in L, is too small to support the maximum in (Lq/!)P(q,0)  [106].

<<Figure 8 a & b>>

The helical-wormlike (HW) chain model represents a further and substantial refinement on the

preceding, including the example with the most detailed G(r,x) given above as a special case.  For

example, as mentioned above, the HW model is able to represent behavior in which R
2
G/L depends

markedly on L at low L, including situations with an extremum in R
2
G/L.  Similarly, the HW model

can reproduce more complex behavior in P(q,0) appear in the wormlike persistent chain model,

including behavior in which (âq)2P(q,0) can exhibit an extremum at intermediate âq, before

entering the rodlike form for large âq  [5, 91].  The expression for HW involves the use of the

relation for P(q,0) calculated using R
2
G for the HW chain, in a form with P(q,0) calculated for a

rodlike chain with the same L (either the Padé form given above, or a more accurate expression

involving a power series), with the P(q,0) so derived modified by multiplication by a fairly
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complex function involving several power series, using tabulated coefficients. Unfortunately, this

calculation of P(q,0) is rather tedious, and seems likely to find use only in laboratories where the

repeated need for such an analysis will motivate the preparation of a computer based

implementation of the calculation.

The preceding has addressed the limitations in G(r,x) for chain sequences with small  contour

length x for chains without excluded volume interactions (i.e., in very dilute solutions at the Flory

Theta temperature).  The other major limitation in the calculation of P(q,0) is the neglect of

excluded volume interactions.  Although several attempts to deal with this have been published,

often through the use of a form assuming that 〈r2
ij〉 ∝ |i – j|

ε
, with ε > 1 to represent the effects of

excluded volume interactions  [98].  Consideration of the effects of excluded volume interactions

on G(r,x) for x << (âL)1/2 leads to a Fourier transform I(q,x) that produces asymptotic behavior for

qR
2
G >> 1 with P(q,0) ~ (âq)-5/3  [46, 107].  Verification of this asymptotic behavior for polymer

chains has proved to be elusive by light scattering owing to limitations on the upper bound on q.  A

simple strategy that incorporates much of the effect of excluded volume interactions on P(q,0) is to

use P(q,0) for the random-flight chain, with the R
2
G for the chain with excluded volume in place of

the value âL/3 for the random-flight chain.  In the adaptation of this to persistent chains, the second

term in the Padé expression (involving L) would not be modified.   It appears that this provides a

reasonable fit to experiment, as indeed it must for R
2
Gq2 << 1.

Use of the Debye expression to evaluate PLS(q,0) for a linear random-flight chain heterodisperse in

M gives

PLS(q,0) = (2/rMwq2){1 – (1/rMnq
2)[1 – MnΣ

ν

C

 wνM
-1
νexp(–rMνq

2)]} (98)

with r = R
2
G/M = â/3ML a polymer-specific, independent of chain length in the random-flight model.

For large  rMνq
2 for any Mν in the distribution, this results in the asymptotic form  [55]

lim 
rMνq

2
 >> 1

 P(q,0)-1 = (Mw/Mn){C  +  rMnq
2/2  +  O(u-1)} (99)
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where C = 1/2 for the linear chain; as remarked above, non-Gaussian chain statistics for short chain

segments may suppress the limiting behavior predicted by the random-flight model for large q .

With this result, for the linear random-flight chain,

lim 
rMLSq2

 >> 1
 [Κοπc/R(q,c)]0 = (1/2)[M

-1
n   +  rMnq

2  +  …] (100)

Thus, if the asymptotic behavior can be observed, it will provide information on the molecular

weight distribution.  For a heterodispersity in M characterized by the Schulz-Zimm distribution

function, the final summation in PLS(q,0) may be completed to give

PLS(q,0) = (2/rMwq2){1 – (1/rMnq
2)[1 – (1 + rMnq

2/h)-h]} (101)

For the most-probable distribution of M (for which h = 1, and Mw/Mn = 2 and Mz/Mw = 3/2), this

reduces to

PLS(q,0)-1 = 1 + rMzq
2/3 (102)

Note that in this case, since PLS(q,0) is linear in q2, the use of the square-root analysis discussed

above to aid determination of the initial tangent of for flexible chains would be inappropriate.  With

R
2
G is replaced by g(R

2
G)LIN in the definition of r this same result may be applied to give PLS(q,0) for

randomly branched chains, as obtain in certain polymerization  [22].

Use of the Schulz-Zimm distribution in M leads to an explicit representation of PLS(q,0) for rodlike

chains  [108]

PLS(q,0) =
2

(1 + h)ξ
 








arctan(ξ) + Σ
j  = 1

h - 1

 



1

h – j
 – 

1
h

(1 + ξ2)(j - h)/2sin[(h - j)arctan(ξ)] (103)

where ξ = qMw/ML(1 + h).  Of course, as expected, this expression gives the approximation

PLS(q,0) ~ !ML/Mwq for large qMw/ML, making Κοπc/R(q,c)]0 independent of the molecular weight
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distribution in that limit, with a dependence on q that provides an estimate for ML.  For a most-

probable distribution of M,

PLS(q,0) = (2ML/qMw) arctan(qMw/2ML) (104)

5.3  Optically diverse scattering elements

In this case, the full expression for PLS(q,0) given above must be applied, with obvious

complications for structures with mi and ~ψi differing among the scattering elements, even for the

case of a copolymer even for a copolymer for which all chains have the same molecular weight and

composition,  allowing only for variation in the sequence of the scattering elements among the

chains (or in a particles), e.g., a block or alternating copolymer, stratified particles, etc ., such that

PLS(q,0) =

Σ
ν

C

  wνΣ
j

nν
 Σ

k

nν
 ~ψj,ν

~ψk,ν mj,νmk,ν〈[sin(q|rjk|ν)]/q|rjk|ν〉

Σ
ν

C

  wν[Σ
j

nν
~ψj,νmj,ν]

2

      (105)

3As in the discussion of R
2
G,LS, restricting further to the special case of only two scattering

elements, A and B, and making use of the relations wA = 1 – wB  = nAmA/(nAmA + nBmB) and ~ψ =

wA
~ψA  + wB

~ψB , to give  [54, 55]

PLS(q,0) = ~ψ-2{w
2
A
~ψ

2
APA(q,0)  +  w

2
B
~ψ

2
BPB(q,0)  +  2wAwB

~ψA
~ψBQAB(q,0)} (106)

where, similar to the expression used with R
2
G,LS

Pν(q,0) =










1
n

2
ν

Σ
j

nν
 Σ

k

nν
 〈[sin(q|rjk|ν)]/q|rjk|ν〉 (107)

for ν equal to either A or B, with, for example, only the type A elements being considered in the

sum for PA(q,0), i.e., PA(q,0) is the value of PLS(q,0) for conditions with ~ψB = 0, etc., and



38

QAB(q,0) =
1

nAnB
Σ
j

nA

 Σ
k

nB

 〈[sin(q|rjk|)]/q|rjk|〉   (108)

As in the discussion of  R
2
G,LS, a further simplification in form is made using the definition  ~wA = 1

–  ~wB = wA
~ψA/

~ψ, to give an expression parallel to that for R
2
G,LS,

PLS(q,0) = ~w
2
APA(q,0)  +  (1 – ~wA)2PB(q,0)  +  2~wA(1 – ~wA)QAB(q,0)    (109)

As above, ~wA = wA
~ψA/

~ψ, and parallel to the preceding discussion of R
2
G,LS for this same case,

PA(q,0) and PB(q,0) are refer to those structures, respectively, i.e., PA(q,0) is the value of PLS(q,0)

for conditions with ~ψB = 0, etc.  Defining a function PAB(q,0) parallel to the corresponding function

in the expression for R
2
G,LS in Equation 71,

QAB(q,0) = [PA(q,0)  +  PB(q,0) + PAB(q,0)]/2 (110)

to give

PLS(q,0) = ~wAPA(q,0)  +  (1 – ~wA)PB(q,0)  +  ~wA(1 – ~wA)PAB(q,0) (111)

In applying these expressions, it is assumed that PA(q,0), PB(q,0) and QAB(q,0) do not depend on the

solvent, which may not be a good approximation with flexible chain polymers, owing to the

possible effects of excluded volume, or even collapse of one component in certain block

copolymers.  The function PAB(q,0) (or  QAB(q,0)) must be computed for each case, but expansion

of PAB(q,0) in q2 gives a leading term Δ
2
ABq2/3, with Δ

2
AB defined above in the discussion of R

2
G,LS,

showing that PAB(0,0) = 0, as must be the case to give  PLS(0,0) = 1 for arbitrary ~wA.  Since ~wA may

be positive, negative or zero, inspection of PLS(q,0) shows that ∂[PLS(q,0)]-1/∂q2 may likewise be

positive, negative or zero, as mentioned in the discussion of R
2
G,LS.  Examples of PAB(q,0) are

available for a linear random-flight diblock copolymer demonstrating this behavior  [54].  For a

sphere with radius RA and scattering elements of type A, coated by a shell with outer radius RB >

RA, comprising scattering elements of type B  [30],
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PLS(q,0) = 







~wA[PA(q,0)]1/2 + (1 – ~wA)
R

3
B[PB(q,0)]1/2 – R

3
A[PA(q,0)]1/2

R
3
B – R

3
A

2 

(112)

where PA(q,0) and PB(q,0) are the functions for spheres with radii RA and RB, respectively.  This

expression reduces to PLS(q,0) for a shell of thickness Δ = RB – RA filled with solvent for ~wA = 0, or

to the expression for a sphere of radius RA if ~wA = 1.  If ~ψ = 0, then [R(0,c)/Kopc]0 = 0, but

[R(q,c)/Kopc]0 for ϑ > 0 may be computed with Equation 111 with ~wA and 1 – ~wA replaced by

wA
~ψA and wB

~ψB, respectively.  The result will exhibit a series of maxima in R(q,c) for ϑ > 0, with

a superficial similarity to [R(q,c)/Kopc]0 observed with charged spheres, arising from electrostatic

interactions among the spheres, see below.

5.4  Optically anisotropic scattering elements

As given above, with anisotropic scattering elements, expressions are required for both

[RHv(q,c)/c]0  and [RVv(q,c)/c]0 , given by the expressions

[RHv(q,c)/c]0 = K'n̂
2
s(∂n̂/∂c)

2
wMLS,HvPLS,Hv(q,0) (113)

[RVv(q,c)/c]0 = K'n̂
2
s(∂n̂/∂c)

2
wMLS,VvPLS,Vv(q,0) (114)

where MLS,Hv and MLS,Vv are discussed in the preceding.  Further, [RVh(q,c)/c]0  = [RHv(q,c)/c]0  and,

in the RGD regime assumed here, [RHh(q,c)/c]0  = cos2(ϑ)[RVv(q,c)/c]0 .  For rodlike chains with

anisotropic scattering elements and monodisperse in M, with x = Lq,  [20, 27, 56, 57, 94]

(1 + 4δ2/5)PVv(q,0) = p1(x) + δ2{(4/5)p3(x) – (2 – δ-1)m1(x) + (9/8)m2(x) + m3(x)} (115)

PHv(q,0) = p3(x) + (5/8)sin2(ϑ/2)m2 (x) (116)

Here, δ is the nondimensional optical anisotropy, discussed in the preceding for rodlike and

wormlike chain models,  p1(x) is given in Table 3 for a rodlike chain with optically isotropic

scattering elements, and

p2(x) = (6/x3)[x – sin(x)] (117)
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p3(x) = (10/x5)[x3 + 3xcos(x) – 3sin(x)] (118)

m1 = p1 – p2 (119)

m2 = 3p1 – p2 –p3 (120)

m3 = p3 – p2 (121)

The expression for PHv(q,0) provides an example of case for which the scattering comprises

contributions explicit in ϑ, in addition to the dependence on q.  Although these expressions are

derived explicitly for a rodlike chain, in the form given, incorporating δ as an explicit parameter,

owing to the rapid decrease of δ/δ0 with increasing L/â for the wormlike chain model,  they also

provide a reasonable approximation to the behavior for that model as a function of L/â, consistent

with behavior for both the rodlike limit (L/â << 1) and flexible coil (L/â >> 1) limits  [20, 109].  For

the latter limit, the (δ/δ0)
2 ∝ â/L, and  the terms in δ may be neglected in the expression for

[RVv(q,c)/c]0, and  [RHv(q,c)/c]0 is expected to be much smaller than  [RVv(q,c)/c]0.  Similarly, for

helical chains, δ0 is often small owing to the projections of the components of the elemental

polarizability on the helical axis, and the effects of the optical anisotropy may be negligible on

[RVv(q,c)/c]0, with  weak, but measurable, [RHv(q,c)/c]0, making it a useful function to estimate the

persistence length from the dependence of [RHv(q,c)/c]0 on molecular weight.

5.5  Scattering beyond the RGD regime

The RGD approximation fails as the size of the solute becomes large enough, and with a

sufficiently strong optical contrast with the medium, to result in a phase shift of the incident beam

as it propagates through the solute too large to be neglected.  As mentioned in the Introduction, for

nonabsorbing solute this effect will be negligible for macromolecules with a basic threadlike

structure, even for structures with a very large R
2
G,LS, as the domain occupied by the macromolecule

is mostly filled with solvent.  By contrast, the conditions for a phase shift that may not be neglected

can be met with particles under realistic conditions.  Numerical methods are available to compute

PVv(q,0) for a number of particle shapes  [13, 23, 110, 111].  Here, attention will be focused on the

Mie theory for spheres comprising nonabsorbing, optically isotropic scattering elements  [23, 30,

33, 59].  In considering some aspects of the Mie theory, it is necessary to expand the nomenclature

to include the azimuthal angle ϕ describing the angle of the scattering plane relative to the

polarization direction of vertically polarized incident light; in the examples considered to this point,

ϕ = !/2.  This may be accomplished using the notation in PVv(ϑ,ϕ,0), PHh(ϑ,ϕ,0) and PHv(ϑ,ϕ,0) if
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ϕ ≠ !/2 or the simpler notation used to this point, suppressing ϕ if ϕ = !/2, i.e., PVv(q,0) =

PVv(ϑ,!/2,0) or PHh(q,0) = PHh(ϑ,!/2,0) = PVv(q,0,0).  In the following, the simpler notation will

suffice for PVv(q,0) and  PVv(q,0), but the more complete notation will be used for PHv(ϑ,ϕ,0).  The

Mie theory provides expressions for PVv(q,0), PHh(q,0) and PHv(ϑ,ϕ,0) as the square of sums of

functions of ϑ, ϕ and the relevant refractive indices.  Although the deviation of these from the

comparable functions obtained within the RGD approximation depend in a complicated way on ~α

and ñ, the deviations are usually small if ~α|ñ – 1| < 0.25.   Examples shown in Figure 9 present

PVv(q,0) as a function of q2R
2
G,LS for a particular value of ~α = 2!R/λ, over a range of ñ   [1]; the

value chosen for ~α would correspond to an aqueous suspension of spheres with R ≈ 300 nm, and λ0

= 633 nm.  For small q2R
2
G,LS, the data are all well represented by the simple Gainer approximation

[36]

PVv(q,0) = exp(–q2R
2
G,LS/3) (122)

where R
2
G,LS is itself a complicated function of ~α and ñ, as discussed above; values of R

2
G,LS for

these parameters may be seen in Figure 4.  For larger q2R
2
G,LS, the first minimum in PVv(q,0) occurs

near that for PVv(q,0) computed in the RGD approximation (see Table 3), but with the minimum

becoming broadened, less pronounced shifted toward smaller  q2R
2
G,LS with increasing ñ.  These

same features are observed in the second minimum except for the largest ñ.  These features make it

evident that without a priori knowledge of ñ, it would be difficult to discriminate between the

effects of heterodispersity of particle size and deviations from the behavior anticipated in the RGD

regime.

<<Figure 9>>

For both ñ >> 1 and a phase shift magnitude ~α|ñ – 1| > 10, the angular dependence reduces to a

regime termed the Fraunhofer diffraction limit  [23, 30, 33, 112].  In that regime, the angular

dependence is independent of ñ, and is the same for absorbing and nonabsorbing particles.  For

example, for a monodisperse spheres, the angular dependence is that for Fraunhofer diffraction

from a circular aperture:
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lim 
R/λ >> 1

PVv(q,0) = {2J1(~α sin(ϑ))/~α sin(ϑ)}2 (123)

where ~α = 2!R/λ, and J1(...) is the Bessel function of the first kind and first order.  For polydisperse

solute in this regime,

lim 
R/λ >> 1

[RVv(q,c)/c]0 ∝ Σ 
ν
nν

~α
6
ν{2J1(~αν sin(ϑ))/~αν sin(ϑ)}2 (124)

where nν is the number fraction of spheres with radius Rν.  When applicable, the simplicity of this

expression is useful in methods to estimate the size distribution from data on [RVv(q,c)/c]0.  Similar

results obtain for other particle shapes.  For example, for cylinders of length Lcyl and radius R, in

the same limit, with Lcyl >> R >> λ,

lim 
R/λ >> 1

PVv(q,0) = sin2(~αϑ))/(~αϑ)3 (125)

Since the patterns for the extrema are similar for the functions for spheres and cylinders, it is not

possible to differentiate between solutes with these two shapes from the scattering in this limit.

Neither can the expression for Lcyl >> R >> λ be used to determine the distribution of scattering

lengths.

Although it cannot be accurate for small ϑ, and is inaccurate in the RGD regime, it has been noted

that the expression given above for PVv(q,0) for spheres with R/λ >> 1 in the Fraunhofer limit may

serve as a reasonable approximation to PVv(q,0) in the Mie scattering regime even if R/λ is not

much larger than unity [30, 113], providing a useful simplification in some cases for size estimation

from light scattering data.

A regime termed anomalous diffraction arises for ~α >> 1, but ñ ≈ 1, so that the phase shift ~α|ñ – 1|

is small, as could occur for large particles  immersed in a nearly refractive index matching solvent

[30, 33, 113].  The angular dependence then differs appreciably from that for Fraunhofer

diffraction, and so-called anomalous diffraction approximations to the Mie theory for PVv(q,0) have
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been calculated for spheres in the regime  |ñ – 1| < 0.1, 2~α|ñ – 1| < 0.1, and ~α > 1  [33, 114].  Use of

the expression in the Fraunhofer limit would lead to serious error in size determination in this

regime.

With the RGD approximation, PHh(q,0) = cos2(ϑ)PVv(q,0), but this simple relation does not obtain if

the phase shift is not small.  Similarly, although PHv(q,0) = PHv(ϑ,!/2,0) is zero for spheres

comprising optically isotropic scattering elements, PHv(ϑ,!/4,0) does not vanish for all

ϑ, exhibiting a maximum that may be used to estimate the radius of the sphere [115].  Calculations

in both the RGD and  the anomalous diffraction regime of the Mie theory  reveal a similar

maximum for such spheres in  [116], in agreement with observations on spheres thought to be

optically isotropic   [114].

The functions PVv(ϑ,ϕ,0) and PHv(ϑ,ϕ,0) have been computed for monodisperse spheres and other

particle shapes comprising optically anisotropic scattering elements  [18, 115, 117].  A principal

result for such spheres is that PHv(ϑ,!/4,0) exhibits extrema as a function of qR.  Calculations in

both the RGD [117] and anomalous diffraction [114]regimes provide estimates of qR at the first

maximum and the following minimum that may be used to estimate R.

6.  Scattering from a dilute solution at zero scattering angle

6.1 The basic relation

With increasing concentration, the effects of interference among the scattered rays from different

solute molecules (or particles) will result in a decrease in the scattering,  with effects represented in

the preceding by the functions F(q,c) and P(q,c).  Consequently, with increasing concentration, it is

necessary to consider effects contributing to the scattering beyond those linear in c that have been

the subject of the preceding.  These may appear in P(q,c), through a dependence of G(r,x) on

concentration, for example as may be the case for a flexible chain with excluded volume

interactions such that R
2
G depends on c, but will principally appear in the contributions to F(q,c)

embodied in the functions B(c) and Q(q,c).  For a solute comprising identical optically isotropic,

but not necessarily identical, scattering elements, in the RGD regime basic relation is given by

Equation 5 with P(q,c) = 1 and [1, 20, 27, 29, 44, 49-51],
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~
BLS(c)QLS(q,c) =

Σ
ν 

C

Σ
µ 

C   

wνwµ
~ψν

~ψµ MνMµPν(q,c)Pµ(q,c)
~
Bνµ(c)Qνµ(q,c)

[MLSPLS(q,c)]2    (126)

Both 
~
Bνµ(c) and Qνµ(q,c) involve integrations over pairs of molecules (or particles).  For dilute

solutions, one can expect to utilize virial expansions of Pν(q,c), 
~
Bνµ(c) and Qνµ(q,c), except possibly

for special situations, such as solutions of polyelectrolytes with a very low ionic strength

environment, see below.  For rigid particles, the shape will not depend on c, and P(q,c) = P(q,0).

However, as discussed below, this approximation may not be valid for flexible chain

macromolecules subjected to excluded volume interactions.  This expression will be developed in

the following, beginning with the simplest case.

In this section, attention is focused on the scattering from dilute solutions in the RGD regime at

zero scattering angle, so that Equation 126 may be simplified to read

~
BLS(c) = MLS

-2
 Σ
ν 

C

Σ
µ 

C   

wνwµ
~ψν

~ψµ MνMµ
~
Bνµ(c)   (127)

or, for a solute with optically identical scattering elements,

~
BLS(c) = M

-2
w Σ

ν 

C

Σ
µ 

C   

wνwµ MνMµ
~
Bνµ(c)   (128)

Since the discussion will begin with considerations for a solute monodisperse in M, the subscript

"LS" will be suppressed until the discussion moves to a heterodisperse solute.

Most of the section will consider a solute comprising identical isotropic scattering elements, so that

the subscript denoting the polarization state will be suppressed, as only RVv(q,c) will be of interest

in this section unless otherwise specified.  As will be seen, much of the discussion will center

around the second virial coefficient A2 derived from an expansion of  
~
BLS(c) to give 2A2,LS as the

leading term.  In defining what is meant by a dilute solution (or dispersion), it is useful to introduce
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a dimensionless concentration ĉ wherein the concentration c (mass/volume) is scaled by the

average concentration M/NAR
3
G in the molecular (or particle) domain:

ĉ = cNAR
3
G/M (129)

A dilute solution is then one with ĉ < 1, so that on average, the solute species are separated by a

distance larger than the average dimension.  This is not to imply that this separation does not

fluctuate, including fluctuations to a much smaller separation.  For example, for flexible chain

polymers, the monomer density M/NAR
3
G is so small in comparison with the solvent density that the

centers of gravity of chains may approach separations much smaller than, say, (R
2
G)1/2, so that the

"domains" of polymer chains may overlap considerably, leading, for example, to the possibility of

large values of A2 in so-called good solvents [37].  By contrast, for hard spheres, the fluctuations

may bring the centers of spheres no closer than 2R.

6.2  Monodisperse solute, identical optically isotropic scattering elements

As forecast above, the assumption of a dilute solution motivates the examination of Taylor series

expansions (virial expansions) in c for the functions in F(q,c)  [1, 9, 12, 20, 27, 29, 37, 44-46].  The

nomenclature used for the expansion of Γ(c) arises from the correspondence noted above between

F(0,c) for a monodisperse solute comprising identical isotropic scattering elements and the osmotic

pressure Π, such that, as given above, repeated here for convenience and emphasis:

cΓ(c) =
M
RT

 
∂ Π
∂c

  –  1 (14)

It may be remarked that the limitation of this expression to monodisperse solute is often forgotten

in applications involving heterodisperse polymers.  By long practice the virial expansion of Π is

written as  [37]

ΠΜ
RTc

=   1 + A2Mc + A3Mc
2
 + …  =  1 +  ψ

2
ĉ + ψ

3
ĉ

2
+ … (130)

where A2 and  A3 are the second and third virial coefficients, respectively, and the ψj 
=

AjM(M/NAR
3
G)j-1 

are dimensionless virial coefficients.  Consequently, to the same order,

cΓ(c) = 2A2Mc + 3A3Mc
2
 + …  =  2ψ

2
ĉ + 3ψ

3
ĉ

2
+ … (131)

and this suffices for the analysis of c/R(0,c) on dilute solutions, obtained by extrapolation of

c/R(q,c) to ϑ = 0 at each concentration, such that
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c/R(0,c) = [c/R(0,c)]0{1 + 2A2Mc + 3A3Mc
2
 + …} (132)

It may be noted that under Flory theta conditions, A2 = 0, and even though A3 > 0 [9, 12, 37, 44,

45], [R(q,c)/c]  ≈ [R(q,c)/c]0, provided 3A3Mc
2
 << 1, as will usually be the case for a dilute

solution.

In theoretical treatments, it is often convenient to express A2M in terms of an excluded volume U

per molecule, defined as  [29, 37]

A2M =
NA

M
U
2

(133)

For rigid particles interacting through a hard-core potential, U may be expressed in terms of the

volume Vp of the particle and a factor f that depends on the particle shape, with U  = 8fVp, such that

f = 1 for spheres, so that U = (4!/3)(2R)3 and A2 ∝ M-1, or f = L/4d for rods of length L and

diameter d, so that U = !L2d/2 and A2 ∝ M
2
Ld as expressed in Equation 64b; f has been calculated

for a variety of particle shapes [20, 29].  With flexible chain polymers, it is useful to express A2M

in a similar form  [9, 27, 29, 45, 71, 72, 118]

A2M
2

NAR
3
G

= ψ2   =  Ψ(U/R
3
G) (134)

where Ψ(0) = 0, as at the Flory Theta temperature, and Ψ(∞) = Ψ∞, a constant, in a so-called "good

solvent" for a macromolecule .  In this nomenclature, Ψ∞ = U/2R
3
G for rigid particles, e.g.,  Ψ∞ =

4Vp/R
3
G  = (16!/3)(5/3)3/2  ≈  36 for spheres interacting through a hard-core potential.  By

comparison, Ψ∞ ≈ 6-7 for linear flexible chain polymers, reflecting the soft intermolecular potential

for such chains, permitting the substantial overlap of chain "domains" mentioned above.   Cartoons

that represent a dilute solution as a system of globular-like coiled chains that do not overlap fail to

convey this aspect of a solution of flexible chain polymers.  For spheres interacting through a hard-

core potential, A3M = ϒ3(A2M)2 with ϒ3 =  5/8  [119].  Inspection shows that in this case, the

function [c/R(0,c)]1/2 will exhibit less curvature with increasing c than will c/R(0,c):
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c/R(0,c) = [c/R(0,c)]0{1 + 2A2Mc + 3ϒ3(A2Mc)2 + …} (135)

[c/R(0,c)]1/2 = {[c/R(0,c)]0}1/2{1 + A2Mc + [(3ϒ3 – 1)/2](A2Mc)2 + …} (136)

with (3ϒ3 – 1)/2 = 7/16 ≈ 0.44 for the hard sphere case.  A similar strategy is also useful with dilute

solutions of macromolecules in good solvents, to enhance the reliability of the extrapolation to

determine [c/R(0,c)]0  by creating a larger span in c for which linearity obtains to a good

approximation  [27, 72].

The preceding strategy may not be appropriate with solutions of polyelectrolytes, depending on the

overall ionic strength of the solution.  The ionic strength is often increased by the addition of small

molecule electrolyte, forming a multicomponent solvent, in which case, as discussed above, the

solutions should be dialyzed against the multicomponent solvent to prepare the solution used for

light scattering and measurement of the refractive index.  At very low ionic strength, it is possible

that the range of the spatial range of the electrostatic interactions among the polyelectrolyte solute

will approach or exceed q-1, in which case the assumed independence of solute concentration

fluctuations in neighboring regions of order q-3 may be invalid, vitiating the statistical fluctuation

theory for scattering  [26].  The Debye screening length κ−1 provides a measure of the range of the

electrostatic interactions, where

κ−1 = (8πNALBIo)−1/2 (137)

where LB = e2/εkT is the Bjerrum length, with ε the dielectric strength ( LB/nm ≈ 57/ε at 25°C, or

LB ≈ 0.7 nm for water), and Io is the ionic strength (Io = Σνi
2mi/2,  with νi and mi the molarity and

charge of species i).  To insure that assumed statistical independence is valid, one should have κ−1 <

q-1 For example, q-1 > 40 nm for 633nm wavelength light in an aqueous medium, compared κ−1 < 10

nm for with Io > 10-3 M, showing that the necessary conditions would normally be met with visible

light; the situation may not be as favorable with small-angle x-ray scattering.  Assuming the

validity of the independent statistical fluctuations in neighboring scattering volumes, the

expressions given above may be used, but one still may be faced with much larger virial

coefficients than would be obtained with neutral systems, to the extent that reliable extrapolation to
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infinite dilution may be compromised.  In addition to these considerations, as discussed below, the

intramolecular excluded volume interactions, and hence the size of flexible chains, may change

with the solute concentration, with a corresponding effect on the effective second virial coefficient

at each concentration.  These effects may all be suppressed by the addition of a simple electrolyte,

and unless one is particularly interested in the behavior at low ionic strength is very low, that is to

be recommended.  The aforementioned potential variation of the solute dimension with

concentration is suppressed for rodlike molecules, thereby removing that possible contribution to

the observed behavior. Data on c/RVv(0,c) for a rodlike polyelectrolyte (cis-PBO) and a structural

variant of that chain introducing rotational isomers that deviate from the rodlike structure (ab-PBO)

are given for different values of the ionic strength shown in Figure  10a demonstrate the behavior

described above, with extreme curvature in c/RVv(0,c) for the system at low ionic strength, and

tending to give more normal behavior for c/RVv(0,c) and values of A2,LS expected for a neutral

rodlike chain with an ionic strength sufficiently high to screen intermolecular electrostatic

interactions. That is, the observed A2 is approximated by Equation 64 with a(â/L,z) =1 for A2
(R)

given above:

A2 = A2
(R)

  =  (!NA/4M
2
L) dThermo (138)

where dThermo ≈ κ−1  [76, 120].    The data on c/RHv(0,c) included in this figure are discussed in the

section below on chains with optically anisotropic scattering units.

<<Figure 10 a & b>>

6.3  Heterodisperse solute, identical optically isotropic scattering elements

The effect of molecular weight heterogeneity on BLS(c) determined at zero scattering angle for a

solute heterodisperse in M, but comprising optically identical isotropic scattering elements, is given

by expansion of 
~
Bνµ(c) in c, and retaining only the first term,

~
BLS

0 = M-2
w Σ

ν 

C

Σ
µ 

C   

wνwµMνMµ
~
Bνµ

0    (139)
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With the use of this with the preceding evaluation of cΓLS(c) for a dilute solution, 
~
BLS

0  ≈ 2A2,LSand

~
Bνµ

0  ≈ 2A2,νµ to this order in c, so that

A2,LS = M
-2
w Σ

ν 

C

Σ
µ 

C   

wνwµ MνMµA2,νµ   (140)

By comparison, for measurements of the osmotic pressure for the same material  [37],

ΠMn

RTc
=   1 + A2,ΠMnc +… (141)

A2,Π = Σ
ν 

C

Σ
µ 

C   

wνwµ A2,νµ   (142)

Theoretical evaluations of the "cross-terms" A2,νµ for ν ≠ µ for flexible chain polymers have proved

elusive, in contrast to the rigorous solution available for spheres interacting through a hard-core

potential.  For example, several experimental studies spread over a number of years, conducted by a

number investigators, on solutions in good solvents of mixtures of two flexible chain polymers

differing only in M have shown that the dependence of the "cross-term" A2,12 on the composition

and molecular weight ratio of the components is poorly predicted by available theoretical estimates

[121-134].  The exact solution is available for spherical solutes interacting though a hard-core

potential, giving A2,νµ in terms of the excluded volume Uνµ for spheres of radii Rν and Rµ, with 2R

in U for the monodisperse case replaced by the arithmetic mean (Rν + Rµ)/2 for the interacting pair,

and M2 replaced by MνMµ  [119], so that,

MνMµA2,νµ = [(M
2
νA2,νν )

1/3 +  (M
2
µA2,µµ)

1/3]3/2 (143)

where the A2,νν are the second virial coefficients for monodispersed spheres, i.e., A2,νν ∝ R
3
ν/M

2
ν ∝

M
-γ
ν , with γ = 1 for spheres interacting through a hard core potential.

Given the lack of a definitive theory for mixed solute for flexible chain polymers, resort is made to

approximations for systems with a distribution of M. Thus, in one approximation, the observation

that A2 can often be approximated by a power-law for a monodisperse polymeric solute, say A2 =
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kA
2
M–γ, provides motivation to use this form to estimate A2,LS and A2,Π for heterodisperse polymeric

solute, using the a generalization of the expression for spherical solute given above  [29, 135]:

MνMµA2,νµ = kA
2
[M

(2-γ)/3
ν  +  M

(2-γ)/3
µ ]3

/2 (144)

For example, in the so-called good solvent limit for flexible chain polymers, for which A2M
2/NAR

3
G

approaches a constant and R
2
G ∝ Με, then γ = 2 – 3ε/2, or γ ≈ 1/5 with ε ≈ 6/5.  Alternatively, a

simpler empirical form to use is given by the geometric mean A2,νµ = (A2,ννA2,µµ)
1/2.  [67, 127, 133,

135]  In either case, one can compute A2,LS and A2,Π as would be deduced from light scattering and

osmometry, respectively, in the forms

A2,LS = kA
2
M

-γ
W ΩLS (145)

A2,Π = kA
2
M

-γ
n  ΩΠ (146)

Thus, the functions ΩLS and ΩΠ provide measures, respectively, of the deviation of the functions

A2,LS vs Mw and A2,Π vs Mn from the behavior for A2 vs M that would be observed for a

monodisperse sample of the same solute.  Using the first approximation above for A2,νµ, one obtains

[29, 135]

ΩLS = {M 
2-γ

(2-γ)
  +  3M 

2[2-γ]/3

(2[2-γ]3)
M 

[2-γ]/3

([2-γ]3)
}/4M

2-γ
W (147)

ΩΠ = {M 
1-γ

(1-γ)
M

-1
n   +  3M 

[1-2γ]/3

([1-2γ]3)
M 

-[1+γ]/3

(-[1+γ]3)
}/4M

-γ
n (148)

where the molecular weight averages M(…) are defined in footnote (b) of Table 2. With the use of

the geometric mean approximation for A2,νµ [67]

ΩLS = (M(1-γ/2)/Mw)2-γ (149)

ΩΠ = (M(-γ/2)/Mn)
-γ (150)

In this case, use of the Schulz-Zimm distribution of molecular weight, for which
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M(a) = (1/y){Γ(1 + h + a)/Γ(1 + h)}1/a (151)

with 1/y = Mn/h = Mw/(1+h), etc., gives A2,Π/A2,LS = [(1 + h)/(1 + h - γ/2)]2 for the use of the

geometric mean approximation, demonstrating the general result that A2,Π ≥ A2,LS, with the equality

holding for a sample monodisperse in molecular weight.   The rather more complicated result for

the use of Equations 147 and 148 gives somewhat larger A2,Π/A2,LS for a given polydispersity, with

the discrepancy increasing with increasing heterodispersity.  Perhaps of more interest, both ΩLS and

ΩΠ decrease with decreasing h (increasing heterodispersity) for the geometric mean approximation,

and increase with increasing h for the other model.  The deviation of ΩLS from unity is smaller than

that for ΩΠ for both models, with deviations of  ΩLS from unity of about ten percent at most for

γ = 0.2, showing that A2,LS vs Mw is predicted to be close to the behavior for A2 vs M for a

monodisperse solute with either model, see Figure 11.

<<Figure 11>>

6.4  Optically diverse, isotropic  scattering elements

The scattering from dilute solutions of copolymers or mixtures of polymers differing in their

chemical composition may introduce additional complications.  For example, for such systems, in

addition to the complications for MLS discussed above, one has

~
BLS(c) = MLS

-2
 Σ
ν 

C

Σ
µ 

C   

wνwµ
~ψν

~ψµ MνMµ
~
Bνµ(c) (152)

so that by expansion of 
~
Bνµ(c) in c, and retaining only the first term,

~
BLS

0 = MLS
-2

 Σ
ν 

C

Σ
µ 

C   

wνwµ
~ψν

~ψµ MνMµ
~
Bνµ

0    (153)

With the use of this with the preceding evaluation of cΓLS(c) for a dilute solution, BLS
0  = 2A2,LS, and

~
Bνµ

0  = 2A2,νµ, so that

A2,LS = MLS
-2

 Σ
ν 

C

Σ
µ 

C   

wνwµ
~ψν

~ψµ  MνMµA2,νµ   (154)
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The case for mixtures  of polymers with each component itself comprising identical scattering

elements, but with differing composition among the components, may be treated by the use of the

full expression for BLS(c) given above (at zero scattering angle) to account for variations in the

refractive index and thermodynamic interactions among the polymeric components for pauci-

dispersed solute, usually ternary systems, often with the objective of determining the cross-term"

A2,12 from experimental data  [136-148].  In practice, the tendency for dissimilar polymers to

separate into two phases places limitations on such work.  Similarly, with the behavior of

copolymers may be compromised by the formation of micelles with increasing c, requiring

consideration of an effective molecular weight that increases with increasing c to form species that

interact as particles, e.g., spheres or rods  [86].  This complication is suppressed for a polymeric

solute comprising random or alternating placements of the comonomers, but the interpretation of

A2,LS in terms of the composition can be elusive   [124, 125, 149-151].

6.5  Optically anisotropic scattering elements

For a monodisperse solute with identical,  optically anisotropic scattering elements, the vertical and

horizontal components of light scattered with vertically polarized incident light, RVv(0,c) and

RHv(0,c), respectively, are given by  [9, 20, 57, 75, 152-154]:

Kc
RVv(0,c)

 = 



1

M(1 + 4δ2/5)
 {1 +  2



1 – δ2/10

1 + 4δ2/5
  A2M c +  …} (155)

Kc
RHv(0,c)

 =
5

3Mδ2  {1 – A
2
M c/4 +  …} (156)

with the latter limited to rodlike chains.

The dependence of the molecular anisotropy on the chain conformation and the intrinsic anisotropy

δo of the scattering elements making up the chain are discussed above.  As may be seen, the

dependence of Kc/RHv(0,c) on c is expected to be much smaller than that of Kc/RVv(0,c) for a

given value of A2.  Behavior of this kind is seen in Figure 10a for a rodlike polymer (cis-PBO),



53

albeit one heterodisperse in molecular weight (Mw/Mn ≈ 1.5).  Owing to the suppressed dependence

on c, Kc/RHv(0,c) ≈ [Kc/RHv(0,c)]0 in dilute solutions.

7.  Scattering from non dilute solution at zero scattering angle

7.1  The basic relation

In this section, attention is focused on the scattering in the RGD regime at zero scattering angle.  As

with the preceding section, most of the section will consider a solute comprising identical isotropic

scattering elements, so that the subscript denoting the polarization state will be suppressed, as only

RVv(q,c) will be of interest in this section unless otherwise specified.  With these provisions, the

basic equation is given by Equation 5 with P(q,c) = 1 and BLS(c) simplified to read

~
BLS(c) = MLS

-2
 Σ
ν 

C

Σ
µ 

C   

wνwµ
~ψν

~ψµ MνMµ
~
Bνµ(c)   (157)

which, together with Again, as in the preceding, since the discussion will begin with considerations

for a solute monodisperse in M, the subscript "LS" will be suppressed until the discussion moves to

a heterodisperse solute. As discussed above, the crossover from dilute to moderately concentrated

solutions may be identified with the dimensionless concentration given by Equation 129, i.e., ĉ =

cNAR
3
G/M.  A dilute solution is then one with ĉ < 1, so that on average, the solute species are

separated by a distance larger than the average dimension.  An additional characteristic

concentration must be anticipated, marking the transition from a moderately concentrated to a

concentrated solution, for which, for example, one might expect a mean-field treatment, such as

some generalized form of the Flory-Huggins model, to be a reasonable approximation.

7.2 Low concentrations:  The third virial coefficient

For solutions with ĉ < 1, but too large to neglect the term in c2 in the virial expansion of  c/R(0,c),

the next highest order effect in c may be analyzed through the third virial coefficient A3, see

Equation 132.   Indeed, some authors have examined c/R(0,c) for (nearly) monodispersed polymers

in good solvents (for which A2M
2/NAR

3
G = ψ2  ≈ Ψ∞) to evaluate A3, to find behavior similar to that

predicted theoretically for spherical solute interacting through a hard-core potential such that A3M

= ϒ3(A2M)2, with ϒ3 independent of M in the good solvent limit (the symbol g has often been used

in the literature in place of ϒ3, but that is avoided here owing to the use of g in connection with the
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dimensions of branched chains).  As mentioned above, for the spherical model, ϒ3 =  5/8.

Experimental data on linear flexible chain polymers in good solvents have given a similar result,

but with ϒ3 ≈ 0.2-0.3 [126, 155, 156], in reasonable accord with Monte-Carlo simulations [157]and

the predictions of a smoothed-density model for A2and A3 [158], and smaller than a number of

theoretical results  [29]; this observation was invoked above in writing Equation 136.  It appears

that ϒ3 is enhanced toward 5/8 for star-branched flexible chains, as may be reasonable in view of

the higher repeat unit density in such configurations  [159, 160].

Experimental evaluation of A3 for dilute solutions under Flory Theta solvent conditions, for which

A2 = 0, show that that A3 > 0  [161, 162], in accord with observations discussed below for

moderately concentrated solutions.  This result is similar to that for a gas at low pressure at the

Boyle temperature for which the second virial coefficient vanishes but the third remains positive

[119].   The nonzero value of A3 in this case is attributed to a nonzero irreducible ternary cluster

integral β3, even though the binary cluster integral β2 = 0 at the Flory theta temperature with A2 = 0

[9].  In a good solvent, ternary interactions represented by pair-wise additivity of terms involving β2

dominate contributions from , and one can apply the celebrated two-parameter theory with the

neglect of β3 to treat A2 and A3 [27, 29, 45].  Analytical theoretical treatments and simulations

confirm this behavior for flexible chain polymers[157, 163, 164].

For a solute heterodisperse in M, the first two terms in the expansion of BLS(c) give

~
BLS(c) ≈ MLS

-2
 Σ
ν 

C

Σ
µ 

C   

~ψν
~ψµ 

 


wνwµMνMµ
~
Bνµ

0  + Σ
κ 

C

wκ [
~
Bνµκ

0  – Mκ
~
Bνκ

0 ~
Bµκ

0 ]c    (158)

where the partial specific volume of each component has been approximated by its infinite dilution

limit in obtaining the second term [44].  With the use of this in the virial expansion for c/R(0,c) for

a solute comprising optically identical solute,

A3,LS ≈ Mw
-2
 Σ
ν 

C

Σ
µ 

C   

Σ
κ 

C

wνwµwκMνMµA3,νµκ 

      –  (4/3)Mw
-3
 Σ
ν 

C

Σ
µ 

C   

Σ
κ 

C

Σ
σ 

C

wνwµwκwσMνMµMκMσ[A2,νκA2,µκ – A2,νκA2,µσ] (159)
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where A2,νµ =  
~
Bνµ

0 /2 (as above) and A3,νµκ =  
~
Bνµκ

0 /3.  This expression has been used to deduce the

several cross-terms from measurements of A3,LS on a solute containing two homopolymers (C = 2)

differing in molecular weight, but to show that none of the theoretically predicted ϒ3 fit experiment

[126].

7.3  Concentrated solutions

Despite the special cases discussed in the preceding paragraph, for most systems, the virial

expansion is inadequate unless the solution is dilute (ĉ << 1), and developments to treat non dilute

solutions are often based on the  use of Equation 14, which is valid for a monodisperse solute.  For

example, for monodispersed, optically homogeneous spheres interacting through a hard-core

potential, calculations including three-body interactions give

cΓ(c) = ϕ
8 – 2ϕ 
(1 – ϕ)4 (160)

where the volume fraction ϕ = (4!/3)NAR3c/M for spheres of radius R, and A2Mc = 8ϕ  [20, 165].

A treatment including interparticle interactions to all orders results in the addition of 4ϕ2  – ϕ3 in

the numerator  [86], see the next section for a comparison of these two forms.

Similarly, the expression for Π derived from the Flory-Huggins theory of polymer solutions may be

used to estimate Γ(c) in the appropriate concentration range for an optically homogeneous solute;

as will be seen below, this is most relevant for a concentrated solution (or melt of a mixture of

polymers).  Thus, for a monodisperse solute  [37]:

ΠV1/RT = –{ln(1 – ϕ) + (1 – 1/r)ϕ + χϕ2} (161)

where ϕ is the volume fraction of the polymer, r is the ratio of the molar volumes of the polymer to

that of the solvent, V1 is the molar volume of the solvent, and χRTϕ2 is the non-combinatorial part

of the chemical potential as represented in the Flory-Huggins model; χ is expected to be a constant

for a given polymer/solvent pair in that model, but invariably is observed to depend on ϕ.  With this

expression,
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Γ(c) =
v2

2M

V1




1

1 - ϕ
  –  2χ  –  ϕ

∂χ
∂ϕ (162)

where v2 is the specific volume of the polymer.  In the early literature, this expression was applied

to the entire range of concentration, usually on the assumption that any dependence χ on

concentration could be accommodated by a virial expansion  [12, 44, 45]:

χ(ϕ) = χ1  +  χ2ϕ  +  χ3ϕ
2 + …  (163)

Thus, expansion of Equation 162 for  Γ(c) for small ϕ gives A2 independent of M, and equal to A2
(L)

=  (v2
2/V1)[(1/2) – χ1].  In subsequent developments for dilute solutions to account for the molecular

weight dependence of A2 leading to relations of the form expressed in Equation 64,  A2
(L)

 is

identified with A2
(R)

, with dThermoin A2
(R)

 ∝ [(1/2) – χ1].  This assignment give the well-known result

that the Flory theta temperature Θ, for which both A2, and dThermo are zero, occurs with χ1 = 1/2.

Alternatively, in a commonly used nomenclature  [37],

1
2
  –  χ1 = ψ1(1  –  Θ/T) (164)

so that (1/2) – χ1 is zero for T = Θ.

As an alternative to Equation 163 with arbitrary χi chosen to fit a set of data, since it appears that

data for χ tends to 1/2 as ϕ goes to unity for solutions in good solvents [118], the constrain Σχi =

1/2 might reasonably be considered in conjunction with Equation 163.  This seems to be consistent

with data shown in Figure 12 showing bilogarithmic plots of (ΠM/RTc) – 1 as a function of ϕ/2 for

solutions of polyisobutylene in cyclohexane, from measurements of the osmotic pressure, or

converted from measurements of the vapor pressure  [166, 167].  The dashed curve is computed

with a fit and 163 with χ(ϕ) = 0.42 + 0.08ϕ, and this same expression was used with Equations162

compute the solid curve shown for [KopcM/R(0,c)]  –  1 vs. ϕ.  The straight line power-law portion

of the behavior, given by the use of Equation 163 in this linear form, is consistent with the scaling

expected for moderately discussed in the next section.  The conditions for the transition from a

moderately concentrated to a concentrated solution are somewhat murky, but are generally thought

to lie in the range of 0.2-0.4 weight fraction polymer  [9, 118, 168]  (with the exception of the

example for rodlike chains discussed in the preceding, for which that transition is marked by a

change from a disordered, isotropic solution to an ordered mesophase).  The deviation the power-
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law regime, occurring for ϕ ≈ 0.2 may be a reasonable estimate of the transition in this case, in

reasonable accord with estimates found in the literature.

<<Figure 12>>

The approximation applied in the preceding paragraph for a good solvent need not be expected to

apply under Flory Theta solvent conditions, for the reasons discussed in the preceding discussion.

Data on the parameter χ in the Flory-Huggins expression given above are shown in Figure  13 on

several polymer-solvent systems under Flory theta conditions, with all of the data at the higher

concentrations arising from either osmotic pressure or vapor pressure measurements, reflecting the

difficulty of obtaining "dust-free" preparations in this regime for light scattering investigations.

The data are fitted rather well by the empirical expression

χ = χ1  +  χ2
ϕ

√1 – ϕ
;    "Flory theta solvent conditions" (165)

with χ1 = 1/2, leaving χ2, related to A3M, as a disposable parameter; as with the series expansion of

χ in ϕ given above, this form has no known basis in theory.  With this expression for χ,

Γ(c) =
v2

2M

V1 





1

1 – ϕ – 2χ1  –   χ2ϕ







2 + 
1 – (1 + n)ϕ

(1 –  ϕ)1+n (166)

with n = 1/2.  Curiously, it appears that χ2 is essentially invariant with system for these examples,

with χ2 ≈ 0.30.  Deviation from power-law behavior is seen to develop for ϕ greater than about 0.5,

suggesting that in this case that concentration marks the transition from moderately concentrated

behavior to the response for a concentrated solution under Flory theta conditions, at least for these

systems.

<<Figure 13>>

7.4  Moderately concentrated solutions

In general, for moderately concentrated solutions (ĉ  ≈ 1-10), neither the virial expansions for dilute

solutions nor the mean-field treatments for concentrated solutions will be adequate.  There are,
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however, exceptions:  solutions of rodlike chains in good solvents and flexible chain polymers

under Flory Theta conditions.  Thus, a notable exception to the failure of the virial expansion in this

regime may be the behavior for rodlike polymers, for which the constrained configuration of the

chains limits interchain interactions, leading to simplified behavior for disordered solutions; such

solutions will form a mesophase, often nematic or cholesteric (twisted nematic) as the

concentration is increased beyond the limits of interest here.  For example, as may be seen in

Figure 14 , data on Kc/RVv(0,c) for moderately concentrated solutions of poly(benzyl glutamate)

are well fitted by Equation 132, retaining only terms to order c, showing that terms involving A3

and higher virial coefficients may be neglected in this case for the concentration range shown

(although this material is slightly optically anisotropic, the effect of the RHv(0,c) is negligible in

this context)  [9, 169].  A similar simplified behavior is observed for flexible chain polymers under

Flory theta conditions, for which A2, but not A3, is equal to zero.  As may be seen in Figure 15, the

simple expression obtained with neglect of terms in A4 and higher virial coefficients suffices to

describe the data shown on moderately concentrated solutions  [9, 169]:

cΓ(c) ≈ 3A3Mc2 (167)

In Figure 15, the data on cΓ(c) are shown as a function of [η]c as a surrogate for ĉ since for these

solutions the intrinsic viscosity [η] is proportional to R
3
G/M, and ĉ ≈ 6.8 [η]c.  The data give cΓ(c)

∝ ([η]c)2, which is the behavior expected if cΓ(c) = 3A3Mc2, suggesting that the effects of the

higher order terms in the virial expansion are negligible in this case.  As discussed in the section on

the third virial coefficient, the nonzero value of A3 is attributed to a nonzero irreducible ternary

cluster integral β3, even though the binary cluster integral β2 = 0 at the Flory theta temperature with

A2 = 0 [9].

<<Figure 14>>

<<Figure 15>>

The crossover from the dilute solution behavior of flexible chain polymers to an appropriated form

in a concentrated solution remained unresolved for nearly thirty years until a simple scaling

argument provided insight for the behavior in a good solvent [46].  The simplified argument for the
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scaling starts with the assumption that the form given above in which ΠM/RTc is represented as a

series in A2Mc may be modified for a moderately concentrated solution to give a power-law

dependence:

ΠM/RTc ∝ (A2Mc)1+p (168)

with p to be determined by the stipulations that for a high molecular weight chain in a good solvent

A2M
2/NAR

3
G is a constant, with R2

G ∝ Mε and ε ≈ 6/5, and that Π should not depend on M for such a

system in moderately concentrated solutions.  It may be noted, that with the first assumption, A2Mc

∝ c/ĉ, and some authors start from that representation  [9, 45, 118]. The stipulations require that

(1+p)[(3ε/2) – 1] = 1, or p = (4 – 3ε)/(3ε – 2) ≈ 1/4 in the limiting case of a good solvent and very

large M.  Consequently, the overall dependence gives Π ∝ c9/4, and

cΓ(c) ∝ (A2Mc)1+p (169)

Although it has not been generally noted, as remarked above, an approximate power-law behavior

is implicit in the use of the mean-field expressions discussed in the preceding section over a similar

range of concentrations, as should be anticipated as these forms have been fitted to experimental

data on a wide range of polymer solutions.  With these results, both ΠM/RTc and KcM/R(0,c) are

expected to scale as power laws of A2Mc (or c/ĉ) for moderately concentrated solutions of high

molecular weight polymers in good solvents.  In reality, for many systems in the molecular weight

range of interest, ε lies between the value of unity observed at the Flory theta temperature, and the

value 6/5 for the limiting good solvent.  Moreover, this scaling must be absolutely inappropriate at

the Flory theta temperature, since then A2 = 0, but A3 > 0.  The preceding motivates representations

of ΠM/RTc and cΓ(c) in a system with A2 > 0  through the use of a Padé expressions in A2Mc to

cover both the behavior in dilute solution, expressed in Equation 135, and that in a moderately

concentrated solution, expressed in Equations168 and 169:

ΠM/RTc ≈ 1  +  A2Mc{1 +(ϒ3/p)A2Mc}p; "good solvent" (170)

With this expression,
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KcM/R(0,c) ≈ 1  +  2A2Mc{1 + (ϒ3/p)(2A2Mc)}pJ(A2Mc);  "good solvent" (171)

where J(A2Mc) ≈ 1 (ref hager2) and ϒ3 = A3M/(A2M)2 tends to a constant ϒ3,∞ in a good solvent.

Data on ΠM/RTc and KcM/R(0,c) vs  A2Mc and ΠM/RTc vs A2Mc/2 are shown superposed in

Figure  16 for several polymers, in several solvents ranging in "goodness", with p calculated using

known values of ε (all smaller than the limiting 6/5 appropriate for a very high molecular weight

sample in a "good solvent").  The expression for cΓ(c) may be represented in terms of c/ĉ, with

some loss of information (i.e., suppression of the value of A2M
2/NAR

3
G) as

cΓ(c) ∝ (c/ĉ){1 + (k/p)c/ĉ}p (172)

For use over the range from Flory theta conditions to a good solvent, with k empirically

determined, and p =  = (4 – 3ε)/(3ε – 2) as above, so that p tends to 1/4 in a very good solvent (ε ≈

6/5), or to unity under Flory theta conditions (ε ≈ 1).  Alternatively, the expression involving A2Mc

may be modified by a term that is negligible in a good solvent, but important under when

A2M
2/NAR

3
G is much smaller than its limiting value for a good solvent:

cΓ(c) ≈ 2A2Mc{1 + (ϒ3/p)(2A2Mc)}p +  3A3Mc2{1 – 1/ϒ3} (173)

This expression was used above to estimate A3M from the data in Figure 16  for the scattering from

a moderately concentrated solutions under Flory theta conditions.

<<Figure 16>>

The preceding has been limited to the behavior of monodisperse solute, and the behavior with a

solute heterodisperse in M is likely to exhibit less universal behavior than that described above.

Thus, for dilute solutions, the behavior will involve A2,LS (or A2,Π), but it can be expected that this

dependence on the chain length distribution will be suppressed as the concentration is increased

toward the upper limits of the moderately concentrated regime, and will be absent for concentrated

solutions.

8.  Scattering dependence on q for arbitrary concentration
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8.1  The basic relation

Here, attention will be restricted to solute comprising identical, isotropic scattering elements.  In

this regime, the full expression for c/R(q,c) must be employed, requiring consideration of the

angular dependence embedded in the function

KopcM
R(q,c)

 =  
1

P(q,c)
  + cΓ(c)H(q,c) (174)

where in general one cannot expect P(q,c) = P(q,0) nor H(q,c) ≈ 1 over a wide range in c.

8.2  Dilute to low concentrations

As in the preceding section, the discussion begins in the concentration regime for which

contributions from terms involving  the third virial coefficient are important.  In this regime,

virial expansions in ĉ of may be applied to obtain c/R(q,c) in the form given by Equation 174, with

P(q,c) replaced by P(q,0),  Γ(c) given by the virial expansion presented in the preceding, and H(q,c)

replaced by a function Ĥ(q,c) that includes the variation of P(q,c) with c [9, 29, 170]:

KopcM
R(q,c)

 =  
1

P(q,0)
  + cΓ(c)Ĥ(q,c) (175a)

Ĥ(q,c) =
2ψ2W2(q)ĉ + {3ψ3W3(q) + 4[P(q,0)W2(q)2 – W3(q)]ψ

2
2}ĉ

2

2ψ2ĉ + 3ψ3ĉ
2    + … (175b)

where the functions W2(ϑ) and W3(ϑ) have been elaborated for special models and, as above, the

ψj 
= AjM(M/NAR

3
G)j-1 

are dimensionless virial coefficients.  The functions W2(ϑ) and W3(ϑ)

involve the distribution of the center of gravity of pairs of solute molecules (or particles).  For

example, in the so-called "single-contact" approximation for dilute solutions of random-flight chain

polymers, W2(ϑ) = 1 [43], to recover the simple result given above with Ĥ(q,c) = 1 to order ĉ in

Equation 175.  It may be noted that although the assumption of single-contacts among  pairs of

chains may be dubious for flexible chain molecules, it is appropriate for rodlike chains in a dilute

solutions, on a purely geometric basis.  Although W2(q) has been computed for a flexible chain

with excluded volume interactions, experimental observations on dilute solutions suggest that data
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on c/R(q,c) may be fitted by the use of the simple expression given above with H(q,c) = 1 and with

P(q,c) approximated by the random-flight expression for P(ϑ,0), with âL/3 replaced by the value

âLα2/3 for a chain with excluded volume.

Under Flory theta conditions, for which ψ2 = 0, the expression above simplifies to give  P(q,c) =

P(q,0) and  Ĥ(q,c) = W3 (ϑ) to order ĉ2, a result discussed further in the following.

With Equation 175, if Ĥ(q,c) = 1, as expected for a dilute solution, curves of c/R(q,c) versus q2 at

constant c are expected to be parallel, with intercepts Kopc/R(0,c) =  M-1[1 +  cΓ(c)] and initial

tangent ∂[c/R(q,c)]/∂q2 = R
2
G/3M.  Similarly, curves of  c/R(q,c) versus c at constant q2 are

expected to be parallel, with intercepts Kopc/R(q,c) =  [Kopc/R(q,c)]0 = M-1P-1(q,0) and initial

tangent ∂[c/R(q,c)]/∂c = 2A2.  This dual parallelism gave rise to the double-extrapolation of the

"Zimm-plot" in which Kopc/R(q,c) is plotted as a function of q2 + kc, with k arbitrarily chosen to

provide a satisfactory presentation of the data.  It should be noted that this dual parallelism is lost if

the analyses of [Kopc/R(q,c)]1/2 as a functions of c, advocated above, and q2, suggested for high

molecular weight linear flexible chain polymers, are adopted.

8.3  Concentrated solutions

For concentrated solutions, with ĉ >> 1, statistical mechanical treatments take advantage of the

tendency for uniformity in the polymer repeat unit density.  A treatment based on an application of

the Ornstein-Zernicke formalism that uses approximations appropriate to this regime to permit

summation of the many-body interaction terms appearing in the expression for R(q,c) leads to

Equation 174 with H(q,c) = 1  [42, 124, 125, 171-173].  The method does not provide a prediction

for Γ(c), and puts P(q,c) = P(q,0), which may be reasonable for a concentrated solution  [9, 37, 46,

118].  The so-called random phase approximation applied to concentrated solutions leads to a

similar result  [46, 118, 173].   With this simplification, one can define a correlation length from the

scattering observed at concentration c by the expression

b(q,c)2 = R(0,c){∂R-1(q,c)/∂q2} (176)

b(q,c)2 = {1/[1 + cΓ(c)]}{∂P-1(q,c)/∂q2} (177)
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As will be elaborated in the following, this simple form may be inadequate in moderately

concentrated solutions owing to scattering with H(q,c) ≠ 1, as discussed in the following.  Data of

this kind reported in the literature often are based on neutron or small-angle x-ray scattering, and

tend to be restricted to large values of R
2
Gq2 than are characteristic of light scattering, e.g., often in

the regime 1/R
2
G < q2 < 1/â2 [118], so that the reported behavior would involve b(q,c)2 determined

in this range, or more likely an approximate to this, as the true value of R(0,c) might not be

obtained.  For example, in this regime P(q,0)-1 ≈ (1  +  R
2
Gq2)/2 ≈  R

2
Gq2/2 for the random-flight

chain model in the experimental range, for which the experimental data would yield

∂[Κοπc/R(q,c)]0/∂q2  ≈ âL/6M = â/6ML.  A result of this sort is often inferred in the analysis of

neutron or small-angle x-ray scattering in the form of the Ornstein-Zernike expression:

c
R(q,c)

 =
c

Rapp(0,c)
 {1  + ξO-Z(c)2q2} (178)

to express a scaling length ξO-Z(c), where Rapp(0,c) is the apparent value of R(0,c) obtained by

extrapolation  of data on c/R(q,c) vs q2 over the limit range in q defined above.

The statistical treatment mentioned above based on the Ornstein-Zernicke approximation, leading

H(q,c) = 1 for a concentrated solution of a homopolymer also provides a means to compute the

scattering for concentrated solutions or melts of blends and copolymers  [124, 149-151], as do

treatments based on the random phase approximation  [174].  These predictions have been used to

analyze the scattering from such materials in terms of the "cross-terms" appearing in the model

[122, 123, 138, 140-142].

8.4  Moderately concentrated solutions

As with the discussion for the scattering from moderately concentrated solutions at zero angle, the

behavior for arbitrary q introduces new complexities as mean-field approximation no longer may

be used.  Thus, with increasing concentration to the regime for which ĉ exceeds about unity, the

virial expansions may not be useful, but ĉ is not large enough to insure the utility of the mean-field

methods.  In this case, the scaling length b(q,c) defined above in terms of the angular dependence
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of the scattering has the potential for increased complexity, as H(q,c) may not be equal to unity  [1,

9]:

b(q,c)2 = ξP(q,c)2  +  ξH(q,c)2 (179)

ξP(q,c)2 = {1/[1 + cΓ(c)]}{∂P-1(q,c)/∂q2} (180)

ξH(q,c)2 = {cΓ(c)/[1 + cΓ(c)]}{∂H(q,c)/∂q2} (181)

If H(q,c) = 1, as in the preceding discussion on concentrated solutions, then ξH(q,c) = 0, and b(q,c)

= ξP(q,c) is the only correlation length in the problem.  Of course, at infinite dilution, H(q,0) = 1,

and b(q,c)2 = b(0,0)2 = R
2
G/3.  Data on several systems for which b(0,c)2 > 0 are given in Figures 17

and 18, including solutions of flexible chains in good solvents and under Flory theta conditions

[175], and a solution of a helical rodlike chain in a good solvent  [176].  The function

b(0,c)2/b(0,0)2 = 3b(0,c)2/R
2
G

  calculated using the observed Γ(c) and R
2
G with the assumption that

ξH(0,c) << ξP(0,c), i.e., b(0,c)2/b(0,0)2 ≈ 3ξP(0,c)2/R
2
G is also shown.  A reasonable, though not

complete agreement is observed between the calculated and experimental estimates confirm that

this approximation is reasonable.

<<Figure 17>>

<<Figure 18>>

Experimental data on polymer solutions are discussed in the following, but it is convenient to

consider first the behavior for (monodisperse) spheres interacting through a hard-core potential

offers some insight to the general behavior in a concentrated solution.  In this case, P(q,c) = P(q,0)

and P(q,0)H(q,c) has been given in two approximations, with the first accounting for three-body

interactions  [36] and the second providing an approximation for the interactions between all

spheres  [177]:

P(q,0)H(q,c) = P(2q,0)1/2  =  3r1(2y) (182a)

r1(x) = [sin(x) – xcos(x)]/x3 (182b)

for the first, where y = qR, and for the second treatment,
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P(q,0)H(q,c) = |Z(2y,ϕ)|/Z(0,ϕ) (183a)

Z(x,ϕ) = g1(ϕ)r1(x)  + g2(ϕ)r2(x)  + g3(ϕ)r3(x) (183b)

g1(ϕ) = (1 – 2ϕ)2/(1 – ϕ)4 (183c)

g2(ϕ) = (1 – ϕ/2)2/(1 – ϕ)4 (183d)

g3(ϕ) = (ϕ/2)g1(ϕ) (183e)

r2(x) = [2xsin(x) + (2 – x2)cos(x) – 2]/x4 (183f)

r3(x) = {24 –x4cos(x) + 4(3x2 – 6)[cos(x) + xsin(x) ]]} (183g)

With the second treatment, cΓ(c) takes on the alternative expression mentioned above, with

cΓ(c) = 24ϕZ(0,ϕ)  =  ϕ 
8 – 2ϕ + 4ϕ2  – ϕ3

(1 – ϕ)4 (184)

for comparison with Equation 161;  these forms are compared in Figure 19b.  Owing to the

singularities in P(q,0) for monodisperse spheres for certain values of q (or at least small values for

heterodisperse spheres), it is convenient to consider the form

R(q,c)
KopcM

 =  
P(q,c)

1 + cΓ(c)P(q,c)H(q,c)
  (185)

The functions P(q,c)H(q,c) for these two treatments are shown in Figure 19a.  Although these

results apply to spheres interacting through a hard-core potential, they have been utilized in the

analysis of data on (nearly) spherical micelles, some authors have replaced y by y = 2qRapp, where

Rapp is adjusted to fit experiment  [177].  As may be seen in Figures 5 and 9,  P(q,0)  ≈  exp(– R
2
G

q2/3) for a substantial range in R
2
Gq2 for R

2
Gq2 smaller than the value for the first minimum in P(q,0).

Consequently, H(q,c) ≈ 1 for R
2
Gq2 < ca. 4 in this regime, allowing use of the simpler (and more

familiar) form given by Equation 175a with Ĥ(q,c) = 1.  Substituting the expression given above for

Γ(c):

KopcM
R(q,c)

 =
1

P(q,0)
  + 

8ϕ – 2ϕ2 + 4ϕ3 – ϕ4

(1 – ϕ)4 ; spheres, R
2
Gq2 < ca. 4 (186)
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with A2Mc = 8ϕ.

<<Figure 19 a & b>>

Examples observed for polymer solutions both under Flory theta conditions and in a good solvent

[178]are shown in Figures 20 and 21, respectively  [9].  It is evident that H(q,c) is not unity, and

that the contribution of ξH(q,c)2 cannot be neglected for these data.  Indeed, for most of the data

shown, ∂R-1(q,c)/∂q2 < 0 for small q, reflecting conditions with ∂H(q,c)/∂q2 < 0.  Although a

satisfactory theoretical treatment to estimate H(q,c) is lacking in this regime, it may be remembered

that for spherical particles interacting through a hard-core potential, H(q,c) = P(2q,0)1/2/P(q,0).

This function is plotted for a range of u = R
2
Gq2 in Figure  22 using P(q,0) for the random-flight

chain model (in place of P(q,0) for the sphere), along with Q(q,c) calculated for two values of cΓ(c)

using this H(q,c); this same approximation is used for H(q,c) in Figure 21.  The H(q,c) calculated in

this rather arbitrary way has some of the features of the observed behavior, though it does not

provide a quantitatively accurate fit.  The trend in Figure 20 suggests that H(q,c) tends to unity with

increasing concentration, as expected with the theoretical treatment discussed above for

concentrated solutions.

<<Figure 20>>

<<Figure 21>>

<<Figure 22>>

8.4  Behavior for a charged solute

As noted above, H(q,c) = P(2q,0)1/2/P(q,0) in one treatment  for uncharged spheres interacting

through a hard-core potential, e.g., see Figure 19.  A similar effect will obtain with charged
particles in solutions, but at a smaller angle owing to the longer-range of the electrostatic
interaction in comparison with that for the hard-core potential, e.g., as is well known, inter-particle
electrostatic repulsion among spheres can be strong enough to lead to an ordered mesophase with
increasing c if the average separation of the spheres is less than Debye electrostatic scaling length
κ-1  [14, 179].  In addition, for macromolecules, the chain dimensions may expand with increasing

κ-1 if κ-1 > dgeo, with dgeo the geometric diameter of the chain repeat unit; an example of this is
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shown in Figure 10b, where it is seen that as expected, R2
G does not depend on κ-1 for the rodlike

chain cis-PBO, but does increase markedly at low κ-1, coincident with the large increase in A2.  It
should be realized that an aqueous solution of an organic solute is often close to intermolecular
association, and that the addition of salt, and consequent suppression of electrostatic interactions,
may induce association.  Thus, with amphoteric proteins, it is often found that association will
occur if the pH is adjusted to the isoelectric point, a condition for which appreciable numbers of
anionic and cationic sites coexist on the chain [26]. For a pH far from the isoelectric point, the
amphoteric macromolecule behaves as either an anionic or cationic polyelectrolyte, and the net
charge can help stabilize the solution against association.  The effects of electrostatic interactions
among charged spheres dispersed in a medium of low ionic strength can lead to a striking effect on
R(q,c)/KMc, resulting from large values of cΓ(c) from electrostatic repulsion among the spheres.

Thus, in this regime,

R(q,c)/KMc = P(q,c) {1 + cΓ(c)P(q,c)H(q,c)}-1 ≈ {cΓ(c)H(q,c)}-1 (187)

where H(q,c)-1 is expected to exhibit a maximum associated with the distance of average closest

approach of the spheres, e.g., the expression for H(q,c) = P(2q,0)1/2/P(q,c) given above for
uncharged spheres.  Data on several dilute dispersion of charged polystyrene spheres (R = 45 nm)
are given in Figure 23 [180].  Similar results are reported for solutions of polyelectrolytes and for

other charged particles [180].  These curves bear a qualitative similarity to those obtaining for
coated spheres under some conditions with the zero average refractive index increment, but their
origin is very different, as is their shape in detail.  A first-approximation to H(q,c) might be

obtained by using sin(ϑ'/2) ≈ (2Lκ/R)sin(ϑ/2) in the expression for hard spheres if Lκ >> R, where

Lκ is an electrostatic length, expected to be related to κ-1  [180, 181].  This approximation gives far

too sharp a maximum, and values of Lκ to match the position of the maximum that are far larger

than κ-1 [180].  In addition to the weakness of the ad hoc model, at least a part of this discrepancy
may reflect heterogeneity or fluctuation of the charge density, which may broaden the peak.
Alternative treatments to model such data have been discussed  [86].

<<Figure 23>>

9.   Special Topics

9.1  Intermolecular association in polymer solutions
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Light scattering methods provide a powerful means to investigate intermolecular (or interparticle)

association.  Intermolecular association is not uncommon in macromolecular solutions or

dispersions of particles, especially in aqueous solvent. In general, two forms may be encountered in

the extreme: association involving two or more components at equilibrium at any given

concentration; and metastable association, in which the components present (i.e., including

aggregated structures) depend on processing history, but do not change sensibly with concentration

in the range of interest for light scattering.  Of course, intermediate situations may also occur, and

some of these have been considered in detail  [182].

In some cases, metastable association may be revealed by a dependence of the molecular weight

deduced from Kc/R(q,0) at infinite dilution on temperature or solvent, revealing the association.

An example of this sort in which the nature of intermolecular association of a solute with a helical

conformation was elucidated by the use of static and dynamic light scattering as a function of

temperature, even though the scattering at any given temperature exhibited 'normal' behavior, and

could not have been analyzed to reveal association if taken alone  [183].   In a different and

somewhat unusual, but not unique, example, it has been reported that Kc/R(q,c) is linear in q2,

albeit leading to a molecular weight that is much larger than the true value of Mw 
for the solute

[184].  This was observed with a system that formed a gel at a higher solute concentration,

suggesting that the observed scattering behavior reflects the anticipated P(q,c) for a randomly

branched polymer  [22].  More frequently, with intermolecular association involving flexible chain

polymers, Kc/R(q,c) exhibits enhanced scattering at small q. This is often taken as evidence for the

presence of an aggregated species mixed with solute that is either fully dissociated, or much less

aggregated. Although reasonable, it should be realized that such an interpretation is not unique.

These effects are illustrated in Figure 24.

<<Figure 24>>

The analysis of metastable behavior is sometimes facilitated by an approximate representation with

a few 'pseudo components' (often two or three), each of which dominates the scattering over a

limited range of q, with M, A2 and P(q,c) replaced by their light scattering averages for each pseudo

component. That is,

R(q,c) =
µ
ΣRµ(q,c)  ≈  K

µ
Σ 



Mc

P(q,c) + 2A2Mc µ,c
(193)
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where the subscript "c" indicates that the parameters M and A2, and the function P(q,c) may depend

on c through the dependence of the state of aggregation on c.  Note that this form does not properly

account for the averaging among scattering elements, neglecting the so-called cross terms

accounting for interference of the light scattered by different components, but it can provide a

useful approximation if the components are few and widely separated in size, and especially if one

component is much larger than the others, but present in minor content. The analysis of the

suspected association with this relation is similar to the determination of the size distribution

discussed above in the absence of association, but is made more complex as it involves data over a

range of c, with concentration dependent parameters, and P(q,c) may not be the same, or even

known, for all of the aggregates present, and may depend on c. In some of the literature on

small–angle x–ray scattering, it has been common to assume that P(q,c) ≈ exp[–(R
2
G,LSq2/3] for each

pseudo component, and frequently to assume that 2A2c << 1 in an analysis to estimate (Mw)µ 
wµ

and [R
2
G,LS]µ for the assumed pseudo components, as a function of the overall concentration c  [36].

Similar treatments are applied with light scattering, often restricted to small enough q that the

expansion of P(q,c) for small R
2
G,LSq2 may be applied.  Although dynamic light scattering is outside

the scope of this chapter, it may be noted that the advent of that technique has allowed some

improvement in analyses of this type, since one can apply a similar expression for the (electric

field) auto-correlation function g(1)(τ; q,c) as a function of the correlation time τ obtained thereby in

terms of pseudo components:

g(1)(τ; q,c) ≈  
µ
Σ

 
rµ(q,c)exp[–τ γµ (q,c)] (194)

where rµ(q,c) = Rµ(q,c) /R(q,c).  Analysis of g(1)(τ; q,c) then provides information on (M
w
)µwµ and

a hydrodynamic length [aLS,
]µ = kTq2/6!ηsolventγµ (q,c) for each component, and some degree of

consistency is expected among the estimates for (M
w
)µwµ obtained in the two experiments.  Further,

comparison of [aLS,
]µ and [R

2
G,LS]µ can provide insight on the nature of the component. In some

cases, it may be reasonable to estimate (M
w
)µ for the component with smallest (M

w
)µ with the

assumption that wµ ≈ 1 for that component, i.e., the scattering at small q reflects a small fraction of

a large component. An example of a treatment of this kind may be found in study on aggregating

rodlike polymers  [185].  In some cases, the depolarized scattering can be particularly useful if the

association induces order in the aggregated species  [186, 187].
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A well defined analysis is possible, at least in principle, for a case with equilibria among otherwise

monodisperse monomers, dimers, etc., e.g., the equilibria obtaining among monomers, dimers and

tetramers for hemoglobin in solution  [188, 189].  Equilibrium association can lead to nonparallel

plots of Kc/R(q,c) vs q
2 
if the species are large enough. In the ideal situation, the ratio of R

2
G for the

aggregates to the unimer would be precisely known, as would be the effect of association on A2,LS,

permitting an assessment of the equilibrium constant for the association given a model  [189].  An

illustrative, if simplified, example of the effects of association is provided by the assumption that a

monodisperse linear flexible coil chain of molecular weight M may undergo end-to-end

dimerization to create a linear chain of molecular weight 2M, with equilibrium constant Keq.  This

might, for example, result with chains each with a single end-group A, mixed with an equal number

of chains also with a single end-group B that will form a stable complex the A groups at

equilibrium.  Further, "good solvent" conditions are assumed, with ∂lnR
2
G

 
= ∂lnM = ε, and ∂lnA2 =

∂lnM = γ, with ε = 2(2 – γ)/3, following the usual approximation for flexible chain polymers, as

discussed in the preceding.  Since the dimers may be considered as components in the light

scattering analysis, the values of the parameters MLS(c), R
2
G,LS(c), and PLS(q,c) and A2,LS(c)

obtaining at solute concentration c are of interest; these may be computed using Equations 22, 56,

86 and140, respectively, along with the approximations given by Equation 58 and the

approximation A2,νµ = (A2,ννA2,µµ)
1/2 discussed above.  The results give

MLS(c) = M(2 – ζ(c)) (188)

R
2
G,LS(c) = R

2
G,M[ζ(c) + 21+ε

(1 – ζ(c))]/(2 – ζ(c)) (189)

LS(q,c) = {ζ(c)[P(q,c)]M + 2(1 – ζ(c))[P(q,c)]2M}/(2 – ζ(c)) (190)

A2,LS(c)MLS(c) = A2,MM{ζ(c) + 21–γ/2 

(1 – ζ(c))]2/(2 – ζ(c)) (191)

ζ(c) = (
~
Keq/2A2,MMc){(1 + 4A2,MMc/

~
Keq)

1/2 – 1} (192)

where ζ(c) is the fraction of polymer not associated at solute concentration c, and, for the

postulated end-to-end association to form dimmers, with P(q,c) given by the expression in Table 3

for the random-flight chain, with L replaced by L
ε
 and (2L)

ε
 for [P(q,c)]M and [P(q,c)]2M,

respectively. The calculations were completed for ε = 7/6 (γ = 1/4), over a range of A2,MMc and 
~
Keq
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= A2,MM2Keq. It may be noted that for large Keq, the extrapolation to obtain the true molecular

weight M at infinite dilution (ζ = 1) may not be possible, and the experimenter may erroneously

assume that the molecular weight of the polymer at infinite dilution is 2M. The effect of the

association in producing nonparallel Kc/R(q,c) vs q2 for data at different concentration is illustrated

in Figure 25.

<<Figure 25>>

9.2  Intermolecular association in micelle solutions

The light scattering from micellar solutions, which has been of considerable interest in recent years,

provides a realistic example of a system with a solute structure at equilibrium and therefore

changing with the solute concentration.  The behavior of Kc/R(0,c) as a function of c for aqueous

solutions of wormlike micelles of hexaoxyethylene dodecyl ether, E12E6, is shown in Figure 26a

[190].  The display in the bilogarithmic plot reveals a decrease in Kc/R(0,c) with increasing c

attributed to an increase in MLS(c), largely offsetting the increase in Kc/R(0,c) that would usually

be expected under good solvent conditions.  Theoretical treatments on the association-dissociation

equilibria for wormlike micelles suggest that for a range of c, Mw might increase as Mw ∝ c1/2

[191], motivating the dashed lines with slope –1/2 included in the plot; these are in a reasonable

accord with the experiment.  Futhermore, it may be noted that for c approaching the range of

moderately concentrated solutions, Kc/R(0,c) is approaches proportionality with c2, independent of

the molecular weight, as with the behavior for rodlike chains shown in Figure 12.  The authors of

the cited work analyzed their data Kc/R(0,c) as a function of c using the equilibrium theory, that

provided expressions for Mw(c) and Γ(c) in terms of several parameters, to obtain Mw(c).

Following the authors, those estimates are used in Figure 26b in a plot of Γ(c)c = Kc/R(0,c)  –

1/Mw(c), which exhibits the anticipated behavior with Γ(c)c ∝ c2 at the higher concentrations.

<<Figure 26 a & b>>

9.3  Online monitoring of polymerization systems

The availability of instrumentation for parallel characterization of dilute solutions by a number of

methods, including static and dynamic light scattering, viscosity, refractive index and UV-visible

absorption, etc., has added substantially to the ability to elucidate the structure of polymeric solutes.
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This is often used to characterize in eluent from size exclusion chromatography, a subject beyond

the scope of this chapter  [192], except to note that the topics discussed above for dilute solutions

are relevant to the interpretation of static scattering from the eluent.  Another application that is

finding use is the real-time analysis of a polymerization product, by characterization of solutions

obtained by dilution of aliquots obtained from the polymerization reactor or by direct

characterization of the reactor solution if sufficiently dilute  [193, 194].  With regard to the latter, as

mentioned above, the proper transition from dependence on A2,LS, to behavior that is essentially

independent of the molecular weight distribution as the concentration is increased through the

moderately concentrated to the concentrated  regime appears to be unresolved.
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Table 1

Mean-square radius of gyration for some commonly encountered models

Model Length scales R
2
G

Random-flight linear coil
("infinitely thin")

L = contour length
â = persistence length

âL/3

Persistent (wormlike) linear chaina

("infinitely thin")
L = contour length
â = persistence length

(âL/3)S(â/L)

Rod ("infinitely thin") L = length L2/12

Disk ("infinitely thin") R = radius R2/2

Cylinder L = length
R = radius

L2/12  +  R2/2

Sphere R = radius 3R2/5

Spherical shell R = radius (outer)
Δ = shell thickness (3R2/5) 



1 – [1 – (Δ/R)5] 

1 – [1 – (Δ/R)3] 

Spherical shell ("infinitely thin") R = radius (outer) R

Spheroid 2R1 = unique axis length
2R2 = transverse axis length R

2
1 



2 + (R2/R1)

2

5

a) S(Z) = 1 – 3Z + 6Z2 –6Z3[1 – exp(–Z-1)]  ≈  (1 + 4Z)-1;  Z  =  â/L
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Table 2

Light scattering average mean-square radius of gyration and hydrodynamic radius

for some power-law models

R
2
G,LS RH,LS

Exact Relation(a) (1/Mw)Σ
ν

C

  wνMν R
2
G,ν Mw/Σ

ν

C

  wνMν R
-1
H,ν

Approximation for(b)

RG ∝ RH ∝ M
ε/2

(R
2
G/M

ε
) M

ε+1
(ε+1)/Mw (RH/M

ε/2) Mw/M1 − ε
(1 − ε)

Random-flight coil(c)
 ; ε = 1 (R

2
G/M) Mz (RH/M1/2) Mw/M 1/2

(1/2) ≈

(RH/M1/2) M1/2
w (Mw/Mn)0.10

Rodlike chain (thin)(c)
 ; ε ≈ 2 (R

2
G/M2) MzMz+1 (RH/M) Mw

Sphere(c)
 ; ε = 2/3 (R

2
G/M2/3) M 5/3

(5/3)/Mw ≈

(R
2
G/M2/3) M2/3

z (Mw/Mz)0.10

(RH/M1/3) Mw/M 2/3
(2/3) ≈

(RH/M1/3) M1/3
w (Mw/Mn)0.10

(a) For optically isotropic solute, and with ∂n/∂c the same for all scattering elements.

(b) M
µ
(µ) = Σ

ν

C

  wνM
µ
ν ; for example, M(µ) is Mn, Mw, (MwMz)

1/2 and (MwMzMz+1)
1/3

for µ =  1, 1, 2 and 3, respectively [67].

(c) Approximations are for a solute with a Schulz-Zimm (two-parameter exponential) distribution

of M, for which  [67]

M(ε) ≈ Mw{Γ(1 + h + ε)/Γ(1+h)}
1/ε

/(1+h)

with (h +1)/h = Mw/Mn, and Γ(x) the gamma function of argument x.
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Table 3

Particle scattering functions for some commonly encountered optically isotropic models(a)

Model R
2
G (b) P(q,0)

Random-flight linear coil âL/3 u = âLq2/3 pc(u) = (2/u2)[u - 1 + exp(-u)]

Persistent (wormlike) linear chain(c) (âL/3)S(â/L) See the text

Disk ("infinitely thin")(d) R2/2 y = Rq (2y2)[1 - J1(2y)/y]

Sphere 3R2/5 y = Rq (9/y6)[sin(y) – ycos(y)]2

Shell ("infinitely thin") R y = Rq [sin(y)/y]2

Rod ("infinitely thin")(f) L2/12 x = Lq p1(x) = (2/x2)[xSi(x) – 1 + cos(x)]

(a) Unless given below, the original citations for the expressions presented above, and many more

(including a circular cylinder of length L and radius R), may be found in reference 30.

(b) â is the persistence length, L is the contour length and R is the radius where appropriate.

(c) See Table 1 for S(â/L).

(d) J1(…) is the Bessel function of the first order and kind.

(e) Si(x) = ∫
x
0ds{s-1sin(s)} is the sine integral.

(f) See Equations 115-121 for a rod with optically anisotropic scattering elements.
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Definitions of the principal symbols used throughout the text.

(Symbols with limited use in the vicinity of their definition may not be included.)

A
2
, A

3
The second virial coefficient, the third virial coefficient, etc.; see Equation
132.

A2
(R) The second virial coefficient for a rodlike chain, appearing in an expression

for A2 for flexible chains, see Equation
B(c) The thermodynamic interaction function {F(0,c) – 1}/c; see Equation 7.

~
B(c)

A thermodynamic interaction function, equal to MB(c), see Equation 5.

F(q,c) The intermolecular structure factor Riso(q,c)/KopcMP
iso

(q,c); see Equation 6.

G(r; x) The distribution function for chain sequences of contour length x and end-to-

end vector separation r; ~g(q,x) is the Fourier transform of G(r; x), see
Equations 88 and 89.

H(q,c) The function {F(q,c)-1 – 1}/cΓ(c)P(q,c); see Equation 8.
K An optical constant relating intensities to the Rayleigh ratio.
L Chain contour length.

M Molecular weight.

M(µ) A generalized average molecular weight, (e.g.,  M(µ) is Mn, Mw, (MwMz)
1/2

and (MwMzMz+1)
1/3 for µ =  1, 1, 2 and 3, respectively), see Table 2

ML The mass per unit length, M/L.

Mw The weight average molecular weight, see Table 2

NA Avogadro's constant

P(q,c) The intramolecular structure factor; see Equation 6.

PHv(q,c) The intramolecular structure factor for the horizontally polarized component
of the scattering with vertically polarized incident light.

PVv(q,c) The intramolecular structure factor for the vertically polarized component of
the scattering with vertically polarized incident light.

Q(c) The function {F(q,c) – 1}/cB(c)P(q,c); see Equation 7.

R
2
G Mean–square radius of gyration.

H Hydrodynamic radius, defined as kT/6!ηsDT, with DT the translational
diffusion constant and ηs the solvent viscosity.

R(q,c) The excess Rayleigh ratio at scattering angle ϑ, for a system with solute
concentration c (wt/vol).

Raniso(q,c) The anisotropic component of R(q,c).

RHv(q,c) The horizontally polarized component of R(q,c) for vertically polarized
incident light.

Riso(q,c) The isotropic component of R(q,c); sometimes denoted simply as R(q,c) if
Raniso(q,c) = 0, and if confusion should not result in the context so used.
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RVv(q,c) The vertically polarized component of R(q,c) for vertically polarized incident
light.

S(q,c) The total structure factor Riso(q,c)/KopcM; see Equation 6.

ĉ A reduced concentration, equal to cNAR
3
G/M

â Persistence length for semiflexible chains.

b(q,c) A correlation length obtained from the dependence of RVv(q,c) on q ; see
Equation 176.

c, c
µ

The solute concentration (wt/vol); concentration of solute component µ.

dThermo A thermodynamic chain segment diameter, equal to zero at the Flory Theta
Temperature, see Equation 64

h A parameter in the Schulz-Zimm molecular weight distribution function
(e.g., 1 + h-1 = Mw/Mn), see Table 2

k Boltzmann's constant.
mν The molecular weight of the ν-th scattering element.

ñ The ratio n̂
solute

/n̂
medium

n̂
medium

Refractive index of the medium.

n̂
solute Refractive index of the solute.

(∂n̂/∂c)w The refractive index increment.

(∂n̂/∂c)Π The refractive index increment determined for osmotic equilibrium of the
solute components with a mixed solvent.

q The wave vector, with modulus q = (4!/λ)sin(ϑ/2) for an isotropic medium.

w, wµ The solute weight fraction; weight fraction of solute component µ .

ϑ The scattering angle.

Π The osmotic pressure.

Θ The Flory Theta Temperature, equal to the temperature for which A2 = 0.

α The expansion factor (R
2
G

 
/R

2
G,0)

1/2 due to the excluded volume effect for a
polymer chain.

~α The parameter 2!R/λ for a sphere of radius R.

χ The Flory-Huggins (reduced) intermolecular interaction parameter, see
Equation 161

δ
2 Mean-square molecular optical anisotropy; see Equation 39.

δo The optical anisotropy of a scattering element with molecular weight mo.

ϕ The solute volume fraction.

λ The wavelength of light in the scattering medium; λo the same in vaccuo.

ρ The density (wt/vol).
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ψ
j A reduced virial coefficient, equal to AjM(M/NAR

3
G)j-1, see Equation 131.

~ψ
solute 

, ~ψ
µ

The contrast factor for optically isotropic media; the same for component µ.

Γ(c) The thermodynamic interaction function {F(0,c)-1 – 1}/c; see Equation 8.

Definitions of the principal subscripts used throughout the text.

LS A subscript to indicate the average of a function or parameter obtained in

light scattering, e.g. MLS, R
2
G,LS. etc.

µ A solute component in a mixture; e.g. cµ

iso The isotropic component of a function, e.g. Riso(q,c)

aniso The anisotropic component of a function, e.g. Raniso(q,c)

Hv A property determined using the horizontally plane polarized component of

the light scattered using vertically plane polarized incident light, e.g.

RHv(q,c), PHv(q,c), etc.

Vv A property determined using the horizontally plane polarized component of

the light scattered using vertically plane polarized incident light, e.g.

RVv(q,c), PVv(q,c), etc.

LIN Denotes a property of a linear chain
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Figure Captions

1. Bilogarithmic plots of 12R
2
G,LS/LzLz+1 and  δ2/δο

2   vs the ratio Lw/â of the weight average

contour length Lw to the persistence length â for the wormlike chain model.  From reference

1.

2. The ratio MLS/M (= [msph(ñ,~α)]2) of the light scattering averaged molecular weight MLS for
monodisperse spheres of radius R to the molecular weight M as a function of the relative

refractive index ñ for the indicated values of the size parameter ~α = 2!R/λ. The dashed lines

give the limiting behavior for small ñ – 1. From reference  1.

3. The functions fi, appearing in the reciprocal scattering factors for anisotropic chains as a

function of the contour length L divided by the persistence length â: ––––, f1;–– - ––, f2; - - -,

f3; and  – – –, f4 .  From reference 20.

4. The ratio R2
G,LS/(3R2/5) (= ysph(ñ,~α)) of the light scattering averaged mean square radius of

gyration R2
G,LS for monodisperse spheres of radius R to the geometric square radius of

gyration as a function of (a) the size parameter ~α = 2!R/λ for the indicated values of the

relative refractive index ñ and (b) the relative refractive index ñ for the indicated values of ~α.

From reference  1.

5. Examples of P(q,0)-1 versus R2
Gq2 for random-flight linear chains (C), rodlike chains (R),

disks (D) and spheres (S); expressions for P(q,0) for these cases are given in Table 3. The
insert shows the ratio of the logarithm of P(q,0) divided by P(q,0) for the coil with the same

R
2
G versus R2

Gq2 for these cases.   From reference 4.

6. Examples of [P(q,0)]BR vs. R2
Gq2

 for comb-shaped branched chain polymers divided by

[P(q,0)]LIN for linear chains with the same R2
G (not the same molecular weight). The number

of branches is indicated, along with the fraction ϕ of mass in the backbone of the branched
chain. From reference 79.
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7. The functions (âLq2/3)P(q,0) (upper) and (Lq/!)P(q,0) (lower) vs âq for the Kratky–Porod

wormlike chain model  [5, 91], for chains of contour length L and persistence length â.  For

convenience of comparison, the values of L/â used are the same are among those in an

alternative bilogarithmic representation (L/2â)P(q,0) vs 2âq presented in the literature  [102]:

640, 160, 80, 40, 20, 10, 5 for the curves from top to bottom in the lower panel, and all of

these except 160 in the upper panel for the curves from left to right.

8. Examples of experimental data on qP(q,0)/(arbitrary units) vs q/nm-1 for wormlike micelles.

(a) Small-angle neutron scattering SANS on micelles formed by cetyltrimethylammonium

(CTA) with 2,6 dichlorbenzoate counterions in aqueous salt solution, showing the

maximum mentioned in the text, and the region, indicated by the dashed line, for which

(Lq/!)P(q,0) tends to unity, followed by the regime with decreasing PIII(q,0), providing

measure of the micellar radius Rc, as discussed in the text.  From reference 105.

(b) Light scattering (filled circles) and SANS on wormlike micelles (unfilled symbols) of

CTA with a polymerized counterion (to prevent dissociation on dilution).  The

maximum prominent in (a) is missing owing to the smaller L/â (≈ 3) for this sample, but

the regime with decreasing  PIII(q,0) is evident.  Data from reference 106.

9. Examples of PLS(q,0) vs. R2
G,LSq2

 for spheres with size parameter ~α = 2πR/λ = 4 for the

indicated values of the relative refractive index ñ. The angular range is 0 to 180 degrees in all

cases except for ñ = 2. The RGD limiting case for very small ñ – 1 is given by the dashed

curve. The dashed line gives the initial tangent. Values of R2
G,LS/(3R2/5) may be seen in

Figure 2.  From reference 1.

10. Light scattering data on solutions of a polyelectrolyte rodlike chain (cis-PBO) and a multiply

broken variant of the same (ab-PBO) in solvents with ionic strengths providing Debye

screening lengths κ-1/nm of 7.9 (filled circles), 2.1 (squares) and 0.8 (unfilled circles).

(a) Upper: [Kc/RVv(0,c)]1/2 for solutions of cis-PBO.
Middle: Kc/RHv(0,c)  for solutions of cis-PBO.
Lower: [Kc/RVv(0,c)]1/2 ab-PBO.

(b) Upper: [Kc/RVv(ϑ,c)]0 for solutions of cis-PBO.
Middle: [Kc/RHv(ϑ,c)]0 for solutions of cis-PBO.
Lower: [Kc/RVv(ϑ,c)]0 for solutions of ab-PBO.
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From reference 76.

11. The functions ΩLS ∝ A2,LS/M
-γ
W (curves 2 and 3) and ΩΠ  ∝ A2,Π/M

-γ
n  (curves 1 and 4) as a

function of the polydispersity parameter 1/h = (Mw/Mn) – 1 for flexible chain polymers with a

distribution of M given by the Schulz-Zimm distribution function and γ = 1/5.  The data are

calculated using the arithmetic mean given by Equation 143 for curves 1 and 2, and the

geometric mean discussed in the text for curves 3 and 4.

12. Bilogarithmic plots of (ΠM/RTc) – 1 as a function of ϕ for solutions of polyisobutylene in

cyclohexane, from measurements of the osmotic pressure, or converted from measurements

of the vapor pressure  [166, 167].  The dashed curve is computed with a fit to Equation 162

with χ(ϕ) = 0.42 + 0.08ϕ, and this same expression was used with Equation 163 to compute

the solid curve shown for [KopcM/R(0,c)]  –  1 vs. ϕ/2.  The straight line portion is consistent

with the scaling expected for moderately concentrated solutions.

13. Bilogarithmic plots of χ – 1/2 versus volume fraction ϕ (upper) or ϕ/√(1 – ϕ) (lower) for

concentrated solutions at the Flory Theta temperature.  The same data are presented and

discussed as linear plots of χ vs ϕ in reference 118; the symbols identifying the source of the

data are those used in the latter reference: circles [195]; triangles [196]; and squares [197].

14. Bilogarithmic plots of KopcM/RVv(0,c) versus A2Mc for moderately concentrated solutions of

poly(benzyl glutatmate) in a good solvent. The curve represents the use of Equation 132 with

A3 and higher virial coefficients equal to zero. The data were collected in the temperature

range 15 to 75°C for samples with 10-3Mw equal to 277, 179, 149, and 60  [176].  From

reference 9.

15. Bilogarithmic plot of cΓ(c) versus [η]c for solutions of polystyrene in cyclohexane at the

Flory Theta temperature (34.8°C): circles [175]; squares [198]]; triangles [199]. The line

represents 3A3M/[η]2 = 0.195, i.e., cΓ(c) = 0.195([η]c)2.  From reference 9.
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16. Bilogarithmic plots of KopcM/R(0,c) versus A2Mc (or ΠM/RTc versus A2Mc/2) for several

flexible chain polymers in good solvents. The solid curves represent the use of Eqn. 26. The

data sources are identified in references 20 and 45.

Upper: KopcM/R(0,c)  for polystyrene (0.36 ≤ 10_6Mw ≤ 7.6) in benzene (15°C);

Middle: KopcM/R(0,c) (unfilled) and ΠM/RTc (filled) for poly(α-methyl styrene) in

toluene;

Lower: KopcM/R(0,c) for polystyrene (10_6Mw equal to 0.862 for filled and 1.50 for

unfilled) in cyclopentane at T equal to the Flory Theta temperature plus 20°C (no

pips) and 35°C (pips).

From reference 9.

17. Bilogarithmic plots of b(0,c)/b(0,0) (or b(q >  qmax,c)/b(0,0)) versus [η]c for moderately

concentrated solutions of flexible chain polymers under two thermodynamic conditions;

b(0,0)2 = R
2
G,LS/3.

Upper: b(q > qmax,c)/b(0,0) determined under Flory Theta solvent conditions; the symbols

are defined in Fig. 5 of reference 175. The solid curve represents

ξp(0,c)/(R
2
G,LS/3)1/2, see Equations 179-180.

Lower: b(0,c)/b(0,0) determined under good solvent conditions; the symbols are for data

given in reference [ref 39] for b(0,c) determined by light scattering, unfilled, or

neutron scattering, filled: polydimethyl siloxane, diamonds; polystyrene, squares;

and poly(methyl methacrylate), triangles. The solid curve represents

ξp(0,c)/(R
2
G,LS/3)1/2, see Equations 179-180.

From reference 9.

18. Bilogarithmic plot of b(0,c)/b(0,0) versus A2Mwc for moderately concentrated solutions of

poly(benzyl glutatmate) in a good solvent for the polymers described in the caption to Fig.

13 of  reference 176; b(0,0)2 = R
2
G,LS/3. The curve represents ξP(0,c)/b(0,0) using the

experimental data for Γ(c) (see Equations 179-180).  From reference 9.

19. (a) The function P(q,c)H(q,c) vs 2qR calculated for monodisperse spheres of radius R

interacting  through a hard core potential.  The bold curve is calculated with Equation
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182, and the remaining curves were calculated with Equation 183, with the volume

fraction ϕ equal to 0.05, 0.1, 0.2, 0.3 and 0.4 from top to bottom.

(b) The function cΓ(c) vs volume fraction for monodisperse spheres calculated with

Equations 160 and 184 for curve (1) and (2), respectively.

20. H(q,c) versus R
2
Gq2/6 for moderately concentrated solutions of polystyrene in cyclohexane

at the Flory Theta temperature (34.8°C), Mw = 8.62 × 105, [η] = 76 ml/g, RG = 27 nm: [η]c

equal to 0.60, 1.15, 1.73, 2.68, 4.64, 4.69, 6.54 from bottom to top. The curves are drawn

merely to aid the eye. From reference 9.

21. KopcM/R(q,c) versus u = R
2
Gq2 for dilute to moderately concentrated solutions of poly(α-

methyl styrene) in toluene (a good solvent) [178]:  Mw = 2.96 × 106 and RG = 74 nm. [η]c

equal to 0.94, 1.94, and 5.30 from bottom to top.  The value of R
2
G  used was chosen to fit

the data for the larger range of u, and the curves for the lower two data sets represents

P(q,0) for the random-flight model. The solid curve for the most concentrated solution is

calculated using the approximation H(q,c) ≈ [P(2q,c)]2/P(q,c) as discussed in the text.

From reference 9.

22. The function Q(q,c) corresponding to the approximation H(q,c) ≈ [P(2q,c)]1/2/P(q,c), using

Equation for P(q,c), as discussed in the text. The dashed curve gives H(q,c), and the solid

curves give Q(q,c) for c_(c) equal to 5, 10 and 25 from bottom to top, respectively.  From

reference 9.

23. The dependence of the structure factor on qR for polystyrene spheres (R = 45 nm)

immersed in deionized water, with the number concentration n/particles·mm-3 = 2.53, 5.06,
7.59 and 10.12 for the circles with increasing depth of the shading, respectively; adapted

from figures in reference 179.  From reference 1.

24. Illustrations of KcM/R(q,c) for two extreme forms of association observed with solutions.

In type I association (––  ––), the aggregates form a loose supramolecular structure, of a

type that may lead to gelation.  In type II association (–––), the aggregates are more
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compact, giving much enhanced scattering preferentially at small scattering angle.  The

scattering from the fully dissociated polymer is also shown (- - - -).

25. Scattering functions for an illustrative example of a flexible chain polymer undergoing
end-to-end dimerization. (a) dependence on angle, calculated as discussed in the text for a
reduced equilibrium constant Keq  = 0.1 and the indicated values of A2,MMc, with the
constant equal to zero or 0.2 for the solid and dashed curves, respectively; (b) scattering
extrapolated to zero angle as a function of A2,MMc, for the indicated values of Keq.  From
reference 1.

26. Light scattering data for aqueous solutions of wormlike micelles of hexaoxyethylene

dodecyl ether  [190].

(a) Bilogarithmic plot of Kc/R(0,c) vs c at the indicated temperatures.  The dashed and

solid lines are placed with slopes –1/2 and 2 as discussed in the text.

(b) Bilogarithmic plot of Kc/R(0,c)  –  M
-1
w vs c at the temperatures indicated by the

symbols defined in (a). The line has slope 2.
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1. Bilogarithmic plots of 12R
2
G,LS/LzLz+1 and  δ2/δο

2   vs the ratio Lw/â of the weight average

contour length Lw to the persistence length â for the wormlike chain model.  From reference

1.
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2. The ratio MLS/M (= [msph(ñ,~α)]2) of the light scattering averaged molecular weight MLS for
monodisperse spheres of radius R to the molecular weight M as a function of the relative

refractive index ñ for the indicated values of the size parameter ~α = 2!R/λ. The dashed lines

give the limiting behavior for small ñ – 1. From reference  1.
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3. The functions fi, appearing in the reciprocal scattering factors for anisotropic chains as a

function of the contour length L divided by the persistence length â: ––––, f1;–– - ––, f2; - - -, f3;

and  – – –, f4 .  From reference 20.
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4. The ratio R2
G,LS/(3R2/5) (= ysph(ñ,~α)) of the light scattering averaged mean square radius of

gyration R2
G,LS for monodisperse spheres of radius R to the geometric square radius of

gyration as a function of (a) the size parameter ~α = 2!R/λ for the indicated values of the

relative refractive index ñ and (b) the relative refractive index ñ for the indicated values of ~α.

From reference  1.



103

5. Examples of P(q,0)-1 versus R2
Gq2 for random-flight linear chains (C), rodlike chains (R),

disks (D) and spheres (S); expressions for P(q,0) for these cases are given in Table 3. The
insert shows the ratio of the logarithm of P(q,0) divided by P(q,0) for the coil with the same

R
2
G versus R2

Gq2 for these cases.   From reference 4.
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6. Examples of [P(q,0)]BR vs. R2
Gq2

 for comb-shaped branched chain polymers divided by

[P(q,0)]LIN for linear chains with the same R2
G (not the same molecular weight). The number

of branches is indicated, along with the fraction ϕ of mass in the backbone of the branched
chain. From reference 79.
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7. The functions (âLq2/3)P(q,0) (upper) and (Lq/!)P(q,0) (lower) vs âq for the Kratky–Porod

wormlike chain model  [5, 91], for chains of contour length L and persistence length â.  For

convenience of comparison, the values of L/â used are the same are among those in an

alternative bilogarithmic representation (L/2â)P(q,0) vs 2âq presented in the literature  [102]:

640, 160, 80, 40, 20, 10, 5 for the curves from top to bottom in the lower panel, and all of

these except 160 in the upper panel for the curves from left to right.
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8. Examples of experimental data on qP(q,0)/(arbitrary units) vs q/nm-1 for wormlike micelles.

(a) Small-angle neutron scattering SANS on micelles formed by cetyltrimethylammonium

(CTA) with 2,6 dichlorbenzoate counterions in aqueous salt solution, showing the

maximum mentioned in the text, and the region, indicated by the dashed line, for which

(Lq/!)P(q,0) tends to unity, followed by the regime with decreasing PIII(q,0), providing

measure of the micellar radius Rc, as discussed in the text.  From reference 105.

(b) Light scattering (filled circles) and SANS on wormlike micelles (unfilled symbols) of

CTA with a polymerized counterion (to prevent dissociation on dilution).  The

maximum prominent in (a) is missing owing to the smaller L/â (≈ 3) for this sample, but

the regime with decreasing  PIII(q,0) is evident.  Data from reference 106.
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9. Examples of PLS(q,0) vs. R2
G,LSq2

 for spheres with size parameter ~α = 2πR/λ = 4 for the

indicated values of the relative refractive index ñ. The angular range is 0 to 180 degrees in all

cases except for ñ = 2. The RGD limiting case for very small ñ – 1 is given by the dashed

curve. The dashed line gives the initial tangent. Values of R2
G,LS/(3R2/5) may be seen in

Figure 2.  From reference 1.
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10. Light scattering data on solutions of a polyelectrolyte rodlike chain (cis-PBO) and a multiply

broken variant of the same (ab-PBO) in solvents with ionic strengths providing Debye

screening lengths κ-1/nm of 7.9 (filled circles), 2.1 (squares) and 0.8 (unfilled circles).

(a) Upper: [Kc/RVv(0,c)]1/2 for solutions of cis-PBO.
Middle: Kc/RHv(0,c)  for solutions of cis-PBO.
Lower: [Kc/RVv(0,c)]1/2 ab-PBO.

(b) Upper: [Kc/RVv(ϑ,c)]0 for solutions of cis-PBO.
Middle: [Kc/RHv(ϑ,c)]0 for solutions of cis-PBO.
Lower: [Kc/RVv(ϑ,c)]0 for solutions of ab-PBO.

From reference 76.
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11. The functions ΩLS ∝ A2,LS/M
-γ
W (curves 2 and 3) and ΩΠ  ∝ A2,Π/M

-γ
n  (curves 1 and 4) as a

function of the polydispersity parameter 1/h = (Mw/Mn) – 1 for flexible chain polymers with a

distribution of M given by the Schulz-Zimm distribution function and γ = 1/5.  The data are

calculated using the arithmetic mean given by Equation 143 for curves 1 and 2, and the

geometric mean discussed in the text for curves 3 and 4.
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12. Bilogarithmic plots of (ΠM/RTc) – 1 as a function of ϕ for solutions of polyisobutylene in

cyclohexane, from measurements of the osmotic pressure, or converted from measurements

of the vapor pressure  [166, 167].  The dashed curve is computed with a fit to Equation 162

with χ(ϕ) = 0.42 + 0.08ϕ, and this same expression was used with Equation 163 to compute

the solid curve shown for [KopcM/R(0,c)]  –  1 vs. ϕ/2.  The straight line portion is consistent

with the scaling expected for moderately concentrated solutions.
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13. Bilogarithmic plots of χ – 1/2 versus volume fraction ϕ (upper) or ϕ/√(1 – ϕ) (lower) for

concentrated solutions at the Flory Theta temperature.  The same data are presented and

discussed as linear plots of χ vs ϕ in reference 118; the symbols identifying the source of the

data are those used in the latter reference: circles [195]; triangles [196]; and squares [197].
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14. Bilogarithmic plots of KopcM/RVv(0,c) versus A2Mc for moderately concentrated solutions of

poly(benzyl glutatmate) in a good solvent. The curve represents the use of Equation 132 with

A3 and higher virial coefficients equal to zero. The data were collected in the temperature

range 15 to 75°C for samples with 10-3Mw equal to 277, 179, 149, and 60  [176].  From

reference 9.



113

15. Bilogarithmic plot of cΓ(c) versus [η]c for solutions of polystyrene in cyclohexane at the

Flory Theta temperature (34.8°C): circles [175]; squares [198]]; triangles [199]. The line

represents 3A3M/[η]2 = 0.195, i.e., cΓ(c) = 0.195([η]c)2.  From reference 9.
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16. Bilogarithmic plots of KopcM/R(0,c) versus A2Mc (or ΠM/RTc versus A2Mc/2) for several

flexible chain polymers in good solvents. The solid curves represent the use of Eqn. 26. The

data sources are identified in references 20 and 45.

Upper: KopcM/R(0,c)  for polystyrene (0.36 ≤ 10_6Mw ≤ 7.6) in benzene (15°C);

Middle: KopcM/R(0,c) (unfilled) and ΠM/RTc (filled) for poly(α-methyl styrene) in

toluene;

Lower: KopcM/R(0,c) for polystyrene (10_6Mw equal to 0.862 for filled and 1.50 for

unfilled) in cyclopentane at T equal to the Flory Theta temperature plus 20°C (no

pips) and 35°C (pips).

From reference 9.
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17. Bilogarithmic plots of b(0,c)/b(0,0) (or b(q >  qmax,c)/b(0,0)) versus [η]c for moderately

concentrated solutions of flexible chain polymers under two thermodynamic conditions;

b(0,0)2 = R
2
G,LS/3.

Upper: b(q > qmax,c)/b(0,0) determined under Flory Theta solvent conditions; the symbols

are defined in Fig. 5 of reference 175. The solid curve represents

ξp(0,c)/(R
2
G,LS/3)1/2, see Equations 179-180.

Lower: b(0,c)/b(0,0) determined under good solvent conditions; the symbols are for data

given in reference [ref 39] for b(0,c) determined by light scattering, unfilled, or

neutron scattering, filled: polydimethyl siloxane, diamonds; polystyrene, squares;

and poly(methyl methacrylate), triangles. The solid curve represents

ξp(0,c)/(R
2
G,LS/3)1/2, see Equations 179-180.

From reference 9.
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18. Bilogarithmic plot of b(0,c)/b(0,0) versus A2Mwc for moderately concentrated solutions of

poly(benzyl glutatmate) in a good solvent for the polymers described in the caption to Fig.

13 of  reference 176; b(0,0)2 = R
2
G,LS/3. The curve represents ξP(0,c)/b(0,0) using the

experimental data for Γ(c) (see Equations 179-180).  From reference 9.
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19. (a) The function P(q,c)H(q,c) vs 2qR calculated for monodisperse spheres of radius R

interacting  through a hard core potential.  The bold curve is calculated with Equation

182, and the remaining curves were calculated with Equation 183, with the volume

fraction ϕ equal to 0.05, 0.1, 0.2, 0.3 and 0.4 from top to bottom.

(b) The function cΓ(c) vs volume fraction for monodisperse spheres calculated with

Equations 160 and 184 for curve (1) and (2), respectively.
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20. H(q,c) versus R
2
Gq2/6 for moderately concentrated solutions of polystyrene in cyclohexane

at the Flory Theta temperature (34.8°C), Mw = 8.62 × 105, [η] = 76 ml/g, RG = 27 nm: [η]c

equal to 0.60, 1.15, 1.73, 2.68, 4.64, 4.69, 6.54 from bottom to top. The curves are drawn

merely to aid the eye. From reference 9.
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21. KopcM/R(q,c) versus u = R
2
Gq2 for dilute to moderately concentrated solutions of poly(α-

methyl styrene) in toluene (a good solvent) [178]:  Mw = 2.96 × 106 and RG = 74 nm. [η]c

equal to 0.94, 1.94, and 5.30 from bottom to top.  The value of R
2
G  used was chosen to fit

the data for the larger range of u, and the curves for the lower two data sets represents

P(q,0) for the random-flight model. The solid curve for the most concentrated solution is

calculated using the approximation H(q,c) ≈ [P(2q,c)]2/P(q,c) as discussed in the text.

From reference 9.
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22. The function Q(q,c) corresponding to the approximation H(q,c) ≈ [P(2q,c)]1/2/P(q,c), using

Equation for P(q,c), as discussed in the text. The dashed curve gives H(q,c), and the solid

curves give Q(q,c) for c_(c) equal to 5, 10 and 25 from bottom to top, respectively.  From

reference 9.
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23. The dependence of the structure factor on qR for polystyrene spheres (R = 45 nm)

immersed in deionized water, with the number concentration n/particles·mm-3 = 2.53, 5.06,
7.59 and 10.12 for the circles with increasing depth of the shading, respectively; adapted

from figures in reference 179.  From reference 1.
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24. Illustrations of KcM/R(q,c) for two extreme forms of association observed with solutions.

In type I association (––  ––), the aggregates form a loose supramolecular structure, of a

type that may lead to gelation.  In type II association (–––), the aggregates are more

compact, giving much enhanced scattering preferentially at small scattering angle.  The

scattering from the fully dissociated polymer is also shown (- - - -).
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25. Scattering functions for an illustrative example of a flexible chain polymer undergoing
end-to-end dimerization. (a) dependence on angle, calculated as discussed in the text for a
reduced equilibrium constant Keq  = 0.1 and the indicated values of A2,MMc, with the
constant equal to zero or 0.2 for the solid and dashed curves, respectively; (b) scattering
extrapolated to zero angle as a function of A2,MMc, for the indicated values of Keq.  From
reference 1.



124

26. Light scattering data for aqueous solutions of wormlike micelles of hexaoxyethylene

dodecyl ether  [190].

(a) Bilogarithmic plot of Kc/R(0,c) vs c at the indicated temperatures.  The dashed and

solid lines are placed with slopes –1/2 and 2 as discussed in the text.

(b) Bilogarithmic plot of Kc/R(0,c)  –  M
-1
w vs c at the temperatures indicated by the

symbols defined in (a). The line has slope 2.




