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STATIC LIGHT SCATTERING

Rayleigh ratio from a solution with solute concentration c
2
RSi(qaC) =TI ISl(ﬁ)/ VobSIINC

S and 1 designate the polarization state of the electric vectors of the
Scattered and Incident light, respectively, relative to the scattering plane.

* ky vectoral wave number along the incident beam

* k vectoral wave number along the scattered beam

* ( is the vector difference between the and scattered light, respectively:

q=ki—k

IKo| = |K| = (4nn/A) for static scattering, with A the wavelength in vacuum

The modulus |q| of the scattering vector q becomes

q = (4n/N)sin(0/2)
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Ruv(q,¢) and Ryy(q,c) are given by (Using Ioution — Isolvent):

RHV(qaC) — Raniso(qac)
RVV(qaC) — Riso(qaC) + (4/3)Raniso(qac) + Rcross(qac)

* Ri0(q,c): Isotropic component

* R.niso(Q,¢): Anisotropic component

NOTE: When considering the scattering from a solute with
1sotropic scattering elements, Ry(q,c) = Rj(q,c), and

the subscript will be suppressed
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Isotropic scatterers:

R(q,c) = K,,eM S(q,¢);  S(q.c) = P(q,¢)F(q,¢)

(Note: S(q,c) is sometimes used to denote a different function than that defined here.)

Two expressions are commonly employed to represent F(q,c):

F(q,c) = 1—cB(c)P(q,c)Q(q,c); F(q.c)' = 1+ cI(c)P(q,c)H(q,c)

- [1-cB(c)]
H(@.0) = Q@) 11~ B(e)P(q,0)Q(q,0)]

[(c) = B(c)[1—-cB(c)];

KopcM 1

op®©

R(q.c)  S(q.c)  P(qe)

+ cI'(c)H(q,c)
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For a monodisperse solute (only), F(0,c) is related to the equilibrium osmotic

modulus Kog:

F(O,C) = (M/CRT) KOS
KOS = coIl/oc

where I is the osmotic pressure.

With this expression, for a monodisperse solute,

Mo Il
cl'(c) =RT gc — 1

Note: This expression is often misapplied for a heterodisperse solute.
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DYNAMIC LIGHT SCATTERING

e?(r:q.0) =1 + fele (T q.0)f
g(r; 4,0) = Fru(@.)expl-T v, (4.0 =1

infe”(x; 4.0) = 11 =Inffe]"” — KV(@.e)r + 3, K@) + ...

lim K"(q,¢)/q” = Dy(c)
ir

—_ kT .
aLS(C) o 67IT'|DM(C) >

1in01 ars(c) = Ry; Hydrodynamic Radius
o
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Static scattering extrapolated to infinite dilution:
[R(g.c)/c]’ = K'A(91/3c)sMysP1(q,0)

LS denotes an averaging over heterodispersity appropriate for scattering; K' = 47°/N A?»g,

M;s = [R(0,c)/c]/K'Az(af/dc)s
In the RGD limit for a solute:

28 B 2
M =972 wM, {ij,vmj,v}
v J

For identical isotropic scattering elements:

Single solvent component Multiple solvent components
C A 2
0fn/oc)
M =3 wM, = M _ (on/de)y
mER Mis = (aa/ac)? M
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Two, optically distinct scattering elements, single solvent component:

Mis = (1 +2wY + uY)M,,

_ TPA — TPB - na —Np
)] waly + (1 —wa)ng

Y

C
w, = wMAwW./M,; n=1,2

AW, = Wa, — WA = W — Wp,

Special cases for which Aw,=0, sothat w,= w,=0:
* random and alternating copolymers
* regular block copolymers or stratified particles with uniform structures

among the molecules
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FiG. 3. Experimental results for a copolymer. Apparent molecular weight of poly-
styrene polymethylmethacrylate in various solvents plotted vs. (va — vg)/vo.

(Benoit)

ISPAC- 2005

Carnegie Mellon University

11



Depolarized scattering in the RGD regime:

Identical cylindrically symmetric polarizabilities for all chain elements:

[Raniso(0,¢)/c]’
K'AZ(88/dc);

= (3/5)M,d1 5

2 .1C 2 2 63nv
6LS - 1\/IWZ WVMvév; 6 22 (3/2)[<COS BU)

Vn
bk

* f3;1s the angle between the major axes of scattering elements 1 and |

For an optically anisotropic homogeneous solute:

MLS,HV - (3/5)6iSMW ; MLS,VV = {1 + (4/5)6iS}MW
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Wormlike chain model:
* persistence length a

* contour length L

* mass per unit length M| = M/L

80,/8; = 2Z,/3){1 - (Z,/3)[1 — exp(-3Z;)]};

Log[L,/al
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Scattering beyond the Rayleigh-Gans-Debye (RGD) regime:

* RGD approximation that the electric field giving rise to the dipole radiation of the scattered
light is that of the incident radiation propagating in the medium is the same as that acting on

the solvent is usually valid for "threadlike" molecules;

* RGD approximation may fail for large particles, particularly if the particle refractive index is

very different from the suspending medium.

For nonabsorbing, optically homogeneous particles, two modifications are required to

compute Ms:

o P = hgu@YP; hgu(@) = 3@ + D20 +2); A = Agotue/Amedium

* A function m(ii, \,M,) specific for each particle shape is required:

C
MLS — 2 Wva[m(ﬁakan)]z
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Special case, Mie scattering for spherical particles:

C
MLS =2 WVMV[mSph(ﬁadv)]z; dv - 271:I{v/}\‘

2

Fraunhofer scattering regime for monodisperse spheres (& >4 and n > 1.4),
Mg = M{3/2a’(fi — 1)hg(/)}
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Scattering at infinite dilution and "small" scattering angle in the RGD

regime:
[R(q,c)/c]’ = K'fis(af/de)uMysPrs(q.0)

(Optically isotropic scattering elements)

Pis(q,0) = 1 — (13)¢°Rers + ...

C _an nV 2
2 WVMV 2 2 wj,vwk,v mj,vmk,v<|rjk|v>
v ]k

2
Rgrs =
C o ,
23 w M, [Zp;, m; ]

v J
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Identical scattering elements:

» 1 SR [ 5 S T Py
RG,LS o M 2 WVMV RGN’ RGN o 21122 2 <|rjk|v> ~ (RG/M )Mv
\%% vV Vj k

Similarly, for the Hydrodynamic Radius:

C
Rits = My/ S WM, R, ; Ry, = (Ry/M“)MY

Note: The "power-law" approximations do not apply to the wormlike
chain

ISPAC- 2005
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Mean-square radius of gyration for some models

Model Length scales RZG
Random-flight linear coil L = contour length  |aL/3
("infinitely thin") a = persistence length

Persistent (wormlike) chain® |L = contour length  |(4L/3)S(a/L)

("infinitely thin")

a = persistence length

~ [(aL/3)" + (L¥/12)']"

Rod ("infinitely thin") L = length L*/12
Disk ("infinitely thin") R =radius R*/2
Cylinder L = length L*/12 + R*/2
R =radius
Sphere R =radius 3R*/5
Spherical shell R = radius (outer) , (1 =[1—(A/R)]
A = shell thickness ~ |GR™5) 1-[1-(A/R)]
Spherical shell ("infinitely thin") |R = radius (outer) R
Spheroid 2R, = unique axis | > [2 + (Rz/Rl)z]
2R, = transverse axis | ' 5

a) S(Z)=1-3Z+672>-6Z7[1 —exp(-Z")] = (1 +4Z)"; Z = &/L
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2 .
Rg,Ls and Ry 1 s for some power-law approximations

RZG,LS Ru,Ls

C 2 C -1
Exact Relation® (I/'My)2 wM, Rg, M/Z w,M, Ry,

v v
Approximation for® | (RG/M®) Mt /M, (Ru/M™?) My/M1 2§,
RG o RH o Ms/Z
Random-flight coil® ; [ (RZ/M) M, (Ry/M") My/M 13 =
e =1 (Ry/M"?) M'2(M,/M,)*"°
Rodlike chain (thin)® ; (Ré/Mz) MM, (Ry/M) M,

ex?2

Sphere' ; € =2/3

(Ro/M*) ME3/M,, =
(Rg/M??) M23(M,,/Mz)"'*

(R/M"?) My/M 33, =
(Ry/M"?) M'Z(M/M,)>'°

C
M(u) =2 WVMEIL 5 My is My, My, (MwMz)l/2 and (MWMZM2+1)1/3 foru=-1,1,2and 3
A%

ISPAC- 2005
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Wormlike Chain (not a power-law):

{1-[1+ (ZCh+2)'T™

2 VN A
1{G,LS - (Lza/ 3)SLS(a/ Lz)
h+2 h + 2)?
Sis(Z,) = 1-37,+ 6Z§m —6Z§ﬁ
~ [1+4Z,(h+2)/(h+3)]" = [1+4a/L,,]"
ST '
\"! = gL _
2 (a)
0 , =
=3 |
S L
(b)
| | |
2 -1 0 1 2
Log[L,/al
ISPAC- 2005
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Branched flexible chain polymers:

For regular star- and comb-shaped branched random-flight chains:

2 2
RG = gRG,LIN ) g~ 7Lbr + gstar(1 _ }‘br)w3

* f is the number of branches
* )\, is the fraction of the mass in the backbone, i.e., A,, = O for a star-shaped
molecule, and A,.= 1 for a linear chain.

Theoretical expressions for g are available for a variety of structures, including
randomly branched chains.

The combination of SEC with light scattering measurements of M and Ré for

the eluent is particularly useful, especially if a model is available for g for the

anticipated branched chains (e.g., randomly branched "fractions"):



Randomly branched poly(methyl
methacrylate), PMMA.

(a) linear (®), branched polymers (©)

(b) The ratio using the power-law (©)

and polynomial (®) extrapolations
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Optically diverse scattering elements

C nV n\/ 2
2 23 WP, Py mijmic i)
vV j k
2
RGLs =
C n )
2[Z Z,tpja\’mja\’]
A
Special case:
* two scattering elements, A and B o P =wrPa + Wslp

* weight fraction wy, =1—wp * Wa=1— Wg=waAPA ;
A — - B ™ AWA/ s

= + a7 Y
namu/(namy + ngms) Wa and Wi many be +, —, or 0.

Ré,LS = WARé,A + (1 _WA)R%},B + wa(l _WA)A2AB

A is the mean-square separation of the c.g.'s of the A & B constellations.

2 2 2 2
RGgeo = WaRGA + (1 =Wa)RGe + Wa(l —Wa)Aas
ISPAC- 2005
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Example:

A stratified sphere: outer diameter Ry and inner core diameter R, ( Apg = 0)

RB—RA)

Ras = (3/5) (WARA Tl =W o3 R, _R.

For a thin shell enclosing the solvent, such that W, = 0:

—[1 = (Age/Rp)’
[1 — (Awa B>]), Awi=Ra — Ra

2 2
Rius - GroRa [~ (AgarR)']

The expression for the ratio of the volume of the shell to its surface area in terms of

experimentally determined parameters may be solved to give

Agneil = (VaMW/47NARG1s){1 + (1.3)B° + 0.06p° + ...}

where B V2M/ 47N A(RG)3/2

ISPAC- 2005
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Optically anisotropic scattering elements

Homopolymer comprising cylindrically symmetric scattering elements:
0 A2 A 2
[Rsi(g,c)/c]” =K'N(h/dc)y My s siPrs si(q,0)

Pisin(@,0) = 1 — G/DReisimd + -
Prsvi(@,0) = 1 — (I/3)RGiswq” + -

For the persistent coil model,

C C
S wM,8,f5,RG, S w,M,(1 +48,/5)J(8,)RG,,
2 v 2 v
RG,LS,HV - C 5 , RG,LS,VV - C 5
> w,M, 0, > wM, (1 +48,/5)
1 — (459, + (4/7) (5.8,
o, = LoD+ (IT)(E2,0)
1+ (4/5)9,
ISPAC- 2005 25
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The functions f;, appearing in the reciprocal scattering factors for anisotropic

chains as a function of the contour length L divided by the persistence length a:
Mi—-— B -- - fyand ——— 1.

Owing to the decrease in 0/0, with increasing L/a, the influence of the
depolarized components decreases rapidly for L/a >1, and one can simply put all
f; = 1 with negligible error in the analysis of data.
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Upper:

Middle:
Kc/Ruv(0,c) for cis-PBO.

Lower:

[Kc/Ryv(0,¢)]1/2 for cis-PBO.

[Kc/Ryv(0,¢)]1/72 for ab-PBO.

10 *Ke/R w(®) 10 Kc/R w(®)

10 Ke/R w(®)

sin { 9/2)

ISPAC- 2005
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Scattering beyond the RGD regime

C
Z WVMVY(ﬁﬂ)\’ﬂMV) [m(ﬁak:Mv) ]2R2G,RGD,V

v

2
Rgs = C
> w,M,[m(H,AM,)]

Mie scattering theory:

C
o~ ~ ~ 2
2 Wva[msph(naav)]2YSph(naav)Rv
2 W
RG,Ls = (3/5)

) /3R ¥5)

F
G

C
Z Wva[mSph(ﬁaav) ]2

(R:

. 2 .
Evaluation of an average R from Rg s requires

an iterative process.

ISPAC- 2005

Carnegie Mellon University

28




Scattering at infinite dilution and arbitrary q

¢ —lnv v .
) WVMVZ ) {pj,v{pk,v mj,vmk,v<[Sln(q|rjk|v)]/q|rjk|v>
v J k

PLS(qao) = c n,
)) Wij[zﬂ?j,vmj,v]z
v i

Identical scattering elements

1 ¢ 1o
Prs(a.0) = -2 WM, P(q,0);  P(q,0) = 22X ([sin(qlri])/qlrix)
W v v J k

ISPAC- 2005
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Particle scattering functions for some optically isotropic models

Model Re. P(q,0)

Random-flight aL/3  u=4aLq"/3 p.(u) = (2/u)[u- 1 + exp(-u)]
linear coil
Disk ("infinitely thin") R*2 y=Rq (Qy)[l - iQy)/y]

Sphere 3RS y=Rq  (9/y%)[sin(y) — ycos(y)]*
Shell ("infinitely thin") R y=Rq [sin(y)/y]*
Rod ("infinitely thin") L%12 x=Lq  pi(x) = (2/x)[xSi(x) — 1 + cos(x)]

Monodisperse Random-Flight model:

P(q,0)' =1 + %u + %u2 — ﬁf + O(u*

P(q,0)"" =1 + %u — Oxu® — 101Wu3 + O(u’

ISPAC- 2005
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Chain length dispersion:

Linear random-flight chain heterodisperse in M:
C
Pis(a.0) = (2M,){1 ~ (1M1 ~ M, WM, exp(-1M,q)]}

Pis(q,0)" = 1+1M,q%/3; For the most-probable distribution of M

Linear rodlike chain with a Schulz-Zimm distribution in M:

Ps(@0) = ine {afctam@ s sin -j)arctan(&)]}
i=1
where § = gM,,/M; (1 + h).

2M qM,, C
Pis(q,0) = ML arctan M. > For a most-probable distribution of M
qMy L

ISPAC- 2005
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gV(t; q0) = £ Tu(@.c)exp[~T v, (q.0) ; Sy =1

kTq” .
6mma,(c) ’

Yu(Q,c) = hm ay(c) = Ry Hydrodynamic Radius

Inverse Laplace transform of g(1)(t; q,c):

04
.
03— T. ]
. L ]
- L "PT '® _|
Tl STl
W ool IR :
oI
s T:l|};!-:||I;!':||}:!':* .
niEnInBnInE
01 |- ?':Ilig':l|§!':l|§!':”¢ N
R R R AR IO
T!':l BIRni !'i|‘|5}.
oL L G L T [ eae |
2 4 0 1 2 a 4
Iogﬁ,rp)
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Behavior at large Rf;q2
Random-flight chain:

lim P(q,0)" = C + u?2 + O@™)

u>> 1
&igql uP(q,0) = 2
lim [K,c/R(q0 = (1/2)[M" + Re/M)G® + ...
where C = 1/2 for a linear chain. Note: d[K,,c/R(q,c)]/0q* = a/2M,
Rodlike chain:
lim P(q,0)' = C + Lg/m + O(q™)
&igql uP(q,0) = =nlLqg/12

where C =2/n”* and u = Réq2 =1°q%12. Note: J[K,c/R(q,c)]”0q =L/tM = 1/nM_
ISPAC- 2005

Carnegie Mellon University
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Kratky-Porod wormlike chain model

Three ranges of behavior in q*P(q,0) vs q:
I. Wormlike chain behavior for Réq2 <1
II. Flexible chain like asymptote (q°P(q,0) « 2) for 1/R; < q < 1/a

III. Rodlike asymptotic behavior (q*P(q,0) = q) for aq > 1

Approximate models to mimic this behavior may be fitted by a Padé relation:

1 - exp(—(éq)z))m )l/m . m~ 5.7

P(q,0) z(PRF(q’O) +( 1 +Lqg’/n

Pre(q,0) for the random-flight chain, with al./3 replaced by Ré = (aL/3)S(a/L)

ISPAC- 2005
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Kratky-Porod plot
The intersection of the
extrapolated lines for regions

IT and III occurs for

6/7)S(A/L)!

aq* = (
~ (6/m)(1 + 44/L)

Holtzer Plot

A maximum in qP(q,0) vs q
that marks the transition from

regions I to II occurs for

Roq** = 1.466

(aLg2/3)Pi{g,M

(La/)P(q.0)

[=] - [ [e2] iy

L/a = 640, 160, 80, 40, 20, 10, 5 top to bottom
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In neutron scattering, the
effect of the chain element
diameter may be seen in
region III, and modeled by
replacing multiplying /Lq
by Psection(d,0).

2J,(Rg)F
Psection(qﬂo) ~ i{cq ]

~ exp[~(R.q)"/4]

B I I I I I I
Fo]
] Sor -3 —
%ﬂ..&.
04 _— i
|,|':| & ‘ma l.‘E‘i.-l:l_lT:"{H.r\:‘T
s sl Wy .
o - Wil
. '
T 5
=) ) “or,
|'_'|: I -
T | | | | | |
. o= Lo I T T 1 i
g% 0 Qog g 0
[
3 g © ] .
5]
& o
o [}
0.1 , | | | | | |
D 2 0.4 0.6 0.8
g/nm-1

Two different wormlike micelles
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Optically diverse scattering elements

Limiting to two scattering elements, A and B, with W, =1 — Wy = W P AAP:

Prs(q,0) =WaPa(q,0) + (1 —=Wu)Pp(q,0) + Wa(l —Wa)Par(q,0)

1 v
Pv(qao) - ?Z 2 <[Sln(q|rjk|v)]/q|rjk|v> , V. = A: B

A% J k

A ng

1 .
Pa(q0) = -2 X ([sin(dli)Vall) — [Pa@,0) + Pa(q,0)];

Pap(0,0) = (Aapq)7/3 + ...

* Note the similarity in form to the expression the for Ré’LS.

* Has been applied to mixtures of chemically diverse polymers.
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Optically anisotropic scattering elements
[Rsi(q.c)/c]” = K'fig(9/9¢)aMis siPys si(q,0)

For rodlike chains monodisperse in M, with x = Lq:

(1 +48°/5)Pyy(q,0) = pi(x) + 8 {(4/5)ps(x) — (2 — 6 )my(x) +

(9/8)my(x)+ ms(x)}
Piy(q,0) = p3(x) + (5/8)sin’(¥/2)m; (x)

The functions of x are known trigonometric functions:

pi(x) = (2/X2)[XSi(X) — 1 + cos(x)] m = p;—p2
pa(x) = (6/x°)[x —sin(x)] m, = 3p;—p2—P;
p3(x) = (10/x°)[x’ + 3xcos(x) —3sin(x)] | Mz = p;—p2

ISPAC- 2005
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Scattering Beyond the RGD Regime

* Numerical methods are available to compute the scattering for a number of particle

shapes, beyond the scope here.
* Py.(q,0) may be calculated for homogeneous spheres using the Mie theory as

functions of O and 1.

0

Log[F, (0.0)]

1.8

2.0

ISPAC- 2005
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Fraunhofer Limit:

For both fi >> 1 and a phase shift magnitude @i — 1| > 10, the angular dependence is

independent of fi, and is the same for absorbing and nonabsorbing particles.

Spheres:
lim Py.(q,0) = {2J,(a sin(9))/al sin(9)}?

R/ >>1

lim [Ry,(q.c)/ec]’ & En,a,{21,(@, sin(®))/a, sin(9)}’

R/ >>1

Cylinders of length Ly, and radius R, with L.y >> R >> A,

IUli1r>n> 1PVV(q,O) = sin*(09))/(at¥)’ Note: No dependence on L

Extrema pattern similar for the functions for spheres and cylinders
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Scattering from a dilute solution

R(q,c) = Ky,cM S(q.c)
S(q.,¢) = P(q,¢)F(q,c)

F(q,c) = 1 —¢cB(c)P(q,0)Q(q,c); F(g,e)' = 1+ cI(c)P(q,c)H(q,c)

I'(c) = B(c)/[1 —cB(c)]

- [1-cB(c)]
H(@,0) = QM4 11" B(c)P(q,0)Q(q,0)]

B(c) = MB(c)

- ZZw,w, P, 1, M\M,P.(q,0)P,(q,0)B,,(¢)Q,,(q.¢)
BLS(C)QLS(qac) - [MLSPLS(qaC)]z
ISPAC- 2005
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Scattering in the RGD regime at zero scattering angle:
~ 2 CC ~
BLS(C) = MLS ;ngwu{pv{pu MVMMBVM(C)

For a solute with optically identical scattering elements,

Bis(c) = My 23w,w, M\M,B, (c)

For a dilute solution, B 5(c) may be expanded in a Taylor series and used to

compute I';s(c):

FLS(C) — 2A2,LSMW + 3A3,L5MWC T ...

ISPAC- 2005
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K, _
—Sof N elg(e)}

= Myu{l + 2A5 sMyc + 3A3 1 sMyc” + ...}

By comparison

as(c) = Ry {1 -[2-k)AM/[M]) -kIMmlc+...}

- 2
RTc M, 1+ AyaMpc + AspMye + ...}

Ajs1s=A,, etc., only for a monodisperse solute

ISPAC- 2005
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Special case:

SOlutiOH Wlth A2 >> (): Put A3,LSM — Y}(A2,LSMW)2

O MU 4 2A, sMue + 3V (AsgMyc) F L)

= M {1 + AyrsMye +[(3Y5— 1)/2)(AgrsMye)’ + ...}

R(q.¢)
Monodisperse spheres interacting through a hard-core potential:

Y;=5/8; (BY;-1)/2=7/16 = 0.44
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Kc/RD c)

~+KG/R{0.c)

Representative behavior for a flexible chain in a 'very good solvent'
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Heterodisperse solute, identical optically isotropic scattering elements

CC
AZ,LS = M;g ;ngwu MVMMAZ,VM ~ kAzM;;\{/ gELS

By comparison, ,

IIM,,
RTc

= 1+ AZ,HMnC T...

b

CcC
— ~~ -Y

A,1s and A, ; may be correlated with My, and M,, resp., if the Q2 are close to

unity
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v = 1/5 (Good solvent).

Qs « Ay s/My (curves 2 and 3) and Qp; « A, /M, (curves 1 and 4)

1 and 2:
3and4: A, = (Ar A"
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Optically diverse, isotropic scattering elements

9 ccC
A2,LS = MW ;ngwu {DV{DMMVMMAZ,VM

* Some work to study the "cross-terms" as a function of composition for

mixtures of homopolymers, but theory is lacking.

Optically identical, anisotropic scattering elements

_Ke 1 . 2(1_52/10) e
RVV(O,C) N M(l + 462/5) { 1 + 482/5 ML C }
Kc 5

Rin(0.0) ~ 3Mo2 {1-AMc/4+ ...}

with the latter limited to rodlike chains.

Note the weak dependence of Kc/Ryy(0,¢) on c.
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0016 T T T T

02

[Ke/Rw{0,¢)]
®

0.008 .. @ o_—

- W

[:I [:":,2 [ I | | | I I
0.001 = | | | I | |

[Ke/Re,(0,€)]
o
®
O
]

0.2 ®

0.008

J[Ke/Rw(0,c)]

Concentration (gL)

105 [Kc/Ry,(8,c)]0

1B[KC/R..(@,c)]0

105 [KciR, [8,c)]0

sin2(&/2)

Upper:[Kc/Ryy(0,¢)]V2 for solutions of cis-PBO.
Middle:Kc/Ryy(0,c) for solutions of cis-PBO.
Lower:[Kc/Ryv(0,¢)]12 ab-PBO.

Upper:[Kc/Ryy(9,¢)]° for solutions of cis-PBO.
Middle:[Kc/Ryy(9,¢)]° for solutions of cis-PBO.
Lower:[Kc/Ryy(9,¢)]° for solutions of ab-PBO.
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Concentrated and moderately concentrated solutions

at zero scattering angle

K..cM
P =1 +cl(c
R(q,c) (©)

With this expression, for a monodisperse solute,

Mo Il
c[(c) =RT gc — !

From IT for monodisperse, optically homogeneous spheres interacting through a

hard-core potential:

o) — 8—2¢+4¢° —¢°  8-20¢
=TTy T g

where the volume fraction ¢ = (471/3)N,R’c/M for spheres of radius R, and
A,Mc = 8@
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Flory-Huggins theory of concentrated polymer solutions:

IV,/RT = —{In(1 —¢)+ (1 - 1/r)p + ch2}

2
F(C) _ VzM{ 1 aX

Vil ~ 2 g

% 1s a constant in FH theory, but it depends on ¢ in experiment
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Moderately concentrated solutions

Rodlike chains, for ¢ < Cpesophase transition

F(C) = 2A2M + 3A3MC

Solutions of poly(benzyl glutamate):

Lt
s

&
1 | !_.MWIIIIIIII L L]

0.0 01 1 10
A=Mc

=
=

KchM/R(0,c)
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A similar truncation appears to hold for flexible chain polymers under Flory

Theta conditions:

c(c) ~ 3A;Mc’

The data are for polystyrene of

10

Fa
various M, under Flory Theta
conditions.
— r:}/g
2 4 .
: b O
Line has slope 2 ©
a
O
O
0.1 |
10
[nlc
ISPAC- 2005
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"Scaling behavior" for moderately concentrated polymer solutions in "good
solvents":

For a monodisperse solute, with Y3 = A3Mc/(A2Mc)2 :
I[IM/RTc = 1 + AMc{l +(Y3/p)A,Mc}P

KcM/R(0,¢)

U

1 + 2A2MC{1 + (3Y3/4P)(2A2MC)}p

p=(4—3¢)/(3e — 2) = 1/4 1s determined by the stipulations that:
¢ ALMYN AR% tends to a constant, with Ré o« M® and € = 6/5, and
* II should not depend on M for such a system in moderately concentrated

solutions.
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Scattering for arbitrary concentration and ¢

KopcM _ |
R(q,c)  P(q,c)

+ cI'(c)H(q,c)

Dilute to low concentrations

K,,cM _ 1 A
Rqe) ~ Pl0) *TOHEO
) ~2Wa@E + B3ysWs(@) + 4PEOW(@) - Wa@ale”
b Qo8 + 3yt

P = AJ-M(M/NARE;)J"1 are dimensionless virial coefficients

In the "Single-Contact" approximation of Zimm, H(q,c) = 1, and I'(c) is given

by the virial expansion discussed above, giving rise to the "Zimm plot".
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Moderately Concentrated and Concentrated Solutions/Suspension

KoM _ 1
R(q,c)  P(q.c)

+ cI'(c)H(q,c)

For moderately concentrated spheres interacting through a hard-core potential,

P(q,c) = P(q,0), and a first-order theory, correct to 3-body interactions gives
H(q.c) = P(2q,0)"*/P(q,0)

To a first-approximation for polymer solutions, one might adopt the same form,
but use P(q,c) for the random-flight chain, calculated with the value of RG

appropriate for the concentration of interest.

Mean-field theory for concentrated polymer solutions gives H(qg,c) = 1
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Spheres: Hard-core potential

Upper:

Heavy curve is for 3-body
approximation;

Lighter curves are for the
all-interactions approximation;

these are for ¢ = 0.05, 0.1, 0.2,
0.3 and 0.4 (left to right)

Lower:
Curves 1 and 2 are for the 3-
body and full interaction

approximations, resp.

H(q,c)

cI'(c)
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Angular Dependence

b(q.c)* = R(0,c){dR ' (q,c)/0q"}

b(q.)* = Ep(q,c)” + En(q,c)’

Ep(q,0)” = {1/[1 + cT(e)]HaP  (q.0)/097}

En(a,c)” = {cT(e)[1 + T (©)IHaH(.0)/09’}
For dilute and concentrated polymer solutions, H(q,c) = 1

For moderately concentrated polymer solutions, dH(q,c)/ 8q2 <0
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Behavior for large u (as in neutron scattering):

u>>1: 1/P(q,0) =1/2[1 + u+ O(1/u)]

KqopcM
2R(()fl;c) ~1+u + 2cT(c)H(q:c)

With the assumption that H(q;c) = 1 in this regime, the Ornstein-Zernike form emerges

KopeM
2. =2 5?2
2R{qio) <[l + 2T@K1 + €9’} & =RY[1 + 2cI(0)]
0.0 ———=0 —
—\J-PN.
o O o \%’\
0.3 ;—‘3 O\'I‘%\&\{
-0.4 E‘; o 172K —I\%ﬁﬁ
T e \eo
B 600K \\
-0.6 A 950K \
0.7 —f——?’/?(?Kz 6(c) N
1/\/(1:cé(c)c) \\ \5
0.8 . \o
0.9 \
log cr(c)
1.0 : : : : ]
-3.0 -2.0 1.0 0.0 1.0 2.0
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Charged Spheres:

R(q,¢)

P(qg,¢)

KopeM = 5(g.0) = 1 +cI'(c)P(q,c)H(q,c) ~ cI'(c)H(g,c)

~

1

Debye screening length k™! provides a

measure of the range of the electrostatic

interactions, where

K = (8nNaLglo)1? 000
where L = e2/ekT is the Bjerrum length, ,.% ; 8,0 3,
with ¢ the dielectric strength ( Lg/nm = v o ° :. Gﬁw
57/¢ at 25°C, or L = 0.7 nm for water), o i;qi..
and I, is the ionic strength (Io = Zvi’mi/2, |“'|'.I”'|.I [ B |
with v; and m; the molarity and charge of e ﬂ':H e "
species 1).
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In[g?(t; g.c) — 11" =Inf£]"? — KY(q.0)t + 2 KX(q.0F + ...

lig K“(q,c) = D) ¢°

2!

Data for a variety of M
and solvents
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Non Ergodic Behavior, e.g., Many Gels

g?(t; q,0) = 1 +x(1 —x)f|f(t,q) — fi(o0,q)| +
X[ f2(t,q)(t,q) — f5(T,q)(o0,q)]

Ensemble-averaged normalized concentration fluctuation correlation function:

fo(r,q) = (Ac(t,q)Ac(0,q))g/{(Ac); 1 = fu(t,q) =0

Ergodic system, fg(o0,q) = 0; nonergodic medium, 1 > fg(e0,q) >0

If the gel network with spatial fluctuations in the network junctions:

x=(n(q))e/(n(q))s; fr(o0,q) = exp(-q(5°))

(8 ) is the mean square amplitude of the spatial fluctuation of the constraint
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Intermolecular association in polymer solutions

- Association of small molecule surfactants to form wormlike micelles, usually

an equilibrium process

- Association of linear flexible chain polymers, often forming meta-stable
states, sometimes in the form of quasi-randomly branched structures, and

sometimes as more dense, colloidal particles.
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Intermolecular association
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Metastable association

The analysis of metastable behavior is sometimes facilitated by an approximate
representation with a few 'pseudo components' (often two or three), each of which

dominates the scattering over a limited range of q, with M, A, and P(q,c):
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_ 1.4
R(q,¢) = 2R, (q,¢) B
n
( Mc
P(q,c) + 2A;Mc/ue
(%)
T
=
v 06 ]
04 | —]
02l _
N R R R R N T R
0 0.0002 0.0004 0.0006 0.0008 0.0010 0.0012
g2/nm-2
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Thanks for your patience and attention!
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Low concentrations: The third virial coefficient (isotropic elements)

_ CC _ C _ o~
Bis(c) = Mis 229,, (w,w,MM,B;, + 2w, [B],. - MB B, Ic

u-vu VUK u

Optically identical scattering elements:

cC C
Asrs ~My ;ggw w,w.M M

vWu Wty MA?),VMK

CC CC
— (4B3)M, ZXXZwW, W, W W MM MM[Ar A — Az As ]

= B.0 /3.

3,vux VUK

= B2/2 (as above) and A

where A .

2,vu

* Very little work to explore the terms in this expression.
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